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Abstract

In this thesis we use classical and modern mathematical techniques to compute generating functions for plane
partitions. We begin by introducing integer partitions and related generating functions, which follows from early
works by Leonard Euler in the 1740s. The concept of partitions is then generalised to plane partitions. We
will derive generating functions, as sums over Schur functions, for particular types of plane partitions. We then
explicitly evaluate some of these sums using methods from representation theory, which follows from the work of Ian
G. Macdonald in 1979. Thereafter, we examine plane partitions using modern mathematical methods resulting from
problems in theoretical physics. In particular we follow the works of Andrei Y. Okounkov, Nicolai Y. Reshetikhin
and Cumrun Vafa, in the 2000s, by studying vertex operators on the fermionic Fock space, which provide powerful
techniques for enumerating plane partitions.
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Introduction

The theory of partitions has a long and rich history spanning hundreds of years, and has led to many advancements
in mathematics. One of the first recorded accounts of the theory of partitions is in a letter Gottfried W. Leibniz
wrote to Johann Bernoulli in 1674, [1]. In this letter Leibniz asked about the number of partitions of an integer,
having observed there being three partitions of 3 namely 3, 241 and 1+ 14 1. It is easy for one to write down all
partitions of small non-negative integers. For example, one could easily check that there are five partitions of 4 and
seven partitions of 5. However, this will quickly become overwhelming for seemingly small non-negative integers.
For example, there are over two-hundred thousand partitions of 50. Therefore, counting partitions is infeasible,
especially in a time before computers. This led to the question: is there a function p(n) that gives the number of
partitions of a non-negative integer n? This question led to many great mathematical advancements by the likes
of Leonhard Euler, James J. Sylvester, Percy A. MacMahon, Godfrey H. Hardy, Srinivasa Ramanujan and Hans
Rademacher. A partial solution to the partition function p(n) was given by Hardy and Ramanujan in 1918, [2]. In
1937 Rademacher refined the work of Hardy and Ramanujan into an exact formula for the partition function [3].
Despite this formula being very complicated, the generating function for p(n) is relatively simple. It was first given
by Leonhard Euler in the 1740s. We discuss this generating function in Chapter [} We will also discuss partitions
with particular restrictions, such as bounded partitions. These too have nice generating functions which we shall
also derive in Chapter

In Chapter [I] we also introduce plane partitions. These are a generalisation of partitions, and were originally
introduced by Percy A. MacMahon in 1895. Similar to partitions we may like to know the number of plane partitions
of a non-negative integer n. As a partition is a special type of plane partition we know that the answer to this
will be at least the number of partitions of n. For example, there are six plane partitions of 3. Like the partition
function, it may be better to first ask: what is the generating function for plane partitions? Moreover, we may like
to know the generating function for particular types of plane partitions, such as bounded plane partitions. These
questions require more advanced mathematical techniques than what is required to derive the generating functions
related to ordinary partitions. In Chapter [I] we provide the generating functions for bounded, column strict and
symmetric plane partitions. We express these as sums over Schur functions, which are a class of symmetric functions
introduced by Augustin-Louis Cauchy in 1815, [4].

In 1898 MacMahon conjectured a product form for the generating function of bounded symmetric plane parti-
tions, although he was not able to prove this. It would not be until eighty years later that MacMahon’s conjecture
was proved true. It was proved independently, by very different means, by George E. Andrews [5] [6] in 1978
and Tan G. Macdonald [7] in 1979. Macdonald’s proof was given in his famous and highly influential book titled
“Symmetric Functions and Hall Polynomials”. It was representation theory that allowed Macdonald to discover a
proof of MacMahon’s conjecture. In Chapter 2| we will give an introduction to root systems and give an outline of
Macdonald’s proof.

Having discussed classical results of plane partitions in Chapters[I]and 2] in Chapter 3] we will move to discussing
modern mathematical techniques which provide powerful methods for studying plane partitions. Namely, we will
examine vertex operators on the fermionic Fock space. Not only can these vertex operators be used to prove classical
results, they can also be used to study plane partitions with certain properties which may have been impossible to
do with the classical techniques of MacMahon and Macdonald. In particular using these vertex operators we can
study plane partitions with certain asymptotic properties. This is of interest in theoretical physics as it is associated
with Calabi-Yau manifolds. This led to many advancements in this field of research. In Chapter [3] we will discuss
and prove results from the theory of vertex operators on the fermionic Fock space. Following that we will use ideas
from Andrei Y. Okounkov, Nicolai Y. Reshetikhin and Cumrun Vafa [8] [9] [10] to calculate a product form for the
generating function for plane partitions.



Chapter 1

Integer and Plane Partitions

In this Chapter we introduce integer and plane partitions, and discuss related generating functions. In Section [I.1
we formally define integer partitions and important related constructions, such as Young diagrams. We also derive
product forms for the generating functions of bounded and unbounded partitions. In Section [[.2] we generalise the
idea of integer partitions into plane partitions. In Section[1.3]we calculate generating functions for bounded, column
strict and symmetric plane partitions as sums over Schur functions. Thereafter, in Section [1.4] we generalise the
Schur functions and prove some results that will be needed in Chapter

1.1 Integer Partitions

A (integer) partition A is a sequence (A1, A2, A3, ...) of weakly decreasing non-negative integers such that only
finitely many of them are non-zero. We say that A is a partition of n if n = Zj‘;l Aj. This is denoted by A+ n or
|A] = n. The non-zero \; are called the parts of A. The number of parts of A is denoted by ¢(\) and is called the
length of A\. We are often not interested in the string of zeros in a partition. Hence, if X is a partition of length n
then we may write A = (A1, Aa, ..., A,). For example (6,3,2,0,0,...) = (6,3,2) is a partition of 11 of length 3. For
partitions A = (A, Aa,...) and p = (u1, 2, . ..) we say that u is contained in X, denoted p C A, if u; < \; for all 4.
Moreover, if Ay > g1 > Ag > po > - -+ then we write u < A and say that A and p are interlacing partitions.

A partition A = (A1, Ag,...) may be represented diagrammatically by its corresponding Ferrers graph, which is
given by descending rows of points where the first row contains A; points, the second row contains Ay points, etc.,
(all left aligned). For example the partition (6,3,3,1) corresponds to the Ferrers graph:

This graphical representation of partitions is associated to Norman M. Ferrers through a 1853 paper by James J.
Sylvester [11] where he describes Ferrers’ use of these graphs to demonstrate that the number of partitions of n into
at most k parts is equal to the number of partitions of n into parts of size at most k. This proof uses conjugate
partitions. The conjugate partition X of A is the partition corresponding to the reflection of the Ferrers diagram of
A about the main diagonal. For example, the Ferrers diagram of the conjugate partition of (6,3,3,1) is:

which corresponds to the partition (4,3,3,1,1,1). The bijection between A and X implies that the number of
partitions of n into at most k parts is equal to the number of partitions of n into parts of size at most k.

Replacing the points of the Ferrers graph of a partition by squares gives the Young diagram of the partition.

6



7 CHAPTER 1. INTEGER AND PLANE PARTITIONS

For example the Young diagram of (6,3,3,1) is:

Young diagrams are named after Alfred Young who introduced them in 1900 [12]. If x C A then the diagram of
squares that are in the Young diagram of A and not in the contained Young diagram of p is called a skew diagram,
denoted A — p. The number of squares in the skew diagram A — p is denoted by |\ — u| which is equal to |A| — |ul.
For example, if A = (6,3,3,1) and p = (4,3,2) then in the diagram below:

the grey squares give the Young diagram of p, the white squares give the skew diagram A — p and the combination
of both grey and white squares gives the Young digram of A. If A\ and u are partitions such that g < A then A —
is called a horizontal strip and any column of squares in A — p contains at most one square.

Given a Young diagram of a partition A, if we take a sub-diagram consisting of a square in row ¢ and column
J plus all the squares to the right in row ¢ plus all the squares underneath in column j then we have a hook in A
which is denoted by H; ;j(A). The number of squares in a hook H; ;(X) is denoted by h; j(A). For example, the grey
squares in the Young diagram below is the hook H; 2(6,3,3,1):

L1

The partition (4,4, 3,3, 3, 1) has two parts of size 4, three parts of size 3 and one part of size 1. For any partition
A let m;(A) denote the number of parts of size i. The number m;()) is referred to as the multiplicity of ¢ in \. If
A F n then n may be expressed as the sum ), i-m;()). Conversely, if n = Zle 1 -m; with non-negative integers
maq,...,m; then a partition A of n, in which parts of size ¢ occur m; times, can be uniquely determined. Therefore,
the number of partitions of n is equal to the number of ways of expressing n as the sum ), i -m; where m; are
non-negative integers. -

Given a non-negative integer n, how many partitions of n are there? Let p(n) denote the number of partitions
of a non-negative integer n. For example p(4) = 5, i.e., there are five partitions of the number 4 which are (4),
(3,1), (2,2) (2,1,1) and (1,1,1,1). We define p(0) = 1 where the partition of 0 is called the empty partition. In
the 1740s Leonard Euler observed that the generating function for partitions Zf:o p(n)q™ may be expressed as an
infinite product.

Theorem 1.1.1. The generating function for integer partitions is

> rma" =] _1qi- (1.1)
n=0 i=1

Proof. Recall that the number of partitions of n is equal to the number of ways of expressing n as the sum ) .-, i-m;
where m; is a non-negative integer for all 7. This implies

dopn)gt =) M= > g =T] ( > qi'””) =115 _1 =

n=0 A mi,ma,...>0 i=1 “m;=0 i=1

where the last equality follows from the geometric series Z?io q = 1%{1 O

We will now examine bounded partitions, that is partitions with r or less parts and with parts at most ¢ for
non-negative integers r and ¢. Let (¢") denote the partition (¢, ¢, ..., c) where ¢ occurs r times. How many partitions
A are there such that A C (c¢")? Consider the Young diagram of (5%) with the grey squares representing the Young
diagram of (5,3,2,1):
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This creates the red path from the bottom left-hand corner to the top right-hand corner of the Young diagram of
(5%) where each step of the path is either to the right or up. We will call such a path a lattice path. Any X C (5%)
will give a lattice path. Also, the squares to the left of any lattice path in the Young diagram of (5%) will correspond
to a partition A C (5%). Therefore, the number of partitions A C (¢”) is the number of lattice paths in the Young
diagram of (¢"). Any such lattice path is a sequence of ¢+ r steps, where ¢ of the steps are to the right and r of the
steps are up. Therefore, the number of these lattice paths is the number of ways of choosing r» upward steps from
a total of ¢ + r steps which is equal to (rjc) = (C‘H .

c
We now consider the generating function for partitions with at most r parts with parts at most ¢, namely

3 g,

AC(c™)

Let f.r(¢q) denote this sum. For example the grey Young diagrams below give all the partitions with at most 2
parts with parts at most 2:

This implies f22(q) = 1+ g+ 2¢*> + ¢® + ¢*. Setting ¢ =1 in f.,.(g) gives the total number of partitions contained
in (¢"), namely f.,(1) = (ch).

Lemma 1.1.2. For non-negative integers ¢ and r the generating function f..,(q) has the following recursive property:
ferl@) = feer1,0(@) + 47+ fer—1(0)-

Proof. There are two disjoint cases for A C (¢"):

(1) If Ay < c then A C ((c—1)") and the generating function for such partitions is fe—1,,(q).

(2) If Ay = c then (X2, \3,...) is a partition contained in (c"1)

AC (¢") with Ay =cis ¢° fer—1(q).

. Therefore, the generating function for partitions

Therefore, the generating function for partitions contained in (¢") is equal to fe—1,(¢) +¢° - fe,r—1(q)- O
For example we can calculate f>3(g) by examining the two disjoint cases for A C (23):

(1) If A\; < 2 then the Young diagram of A can be contained in the first column of the Young diagram of (2%). Thus
all such partitions are given by the following grey Young diagrams:

The generating function for these partitions is f13(¢) =1+ ¢+ ¢*> + ¢°.

(2) If Ay = 2 then all such partitions are given by the following grey Young diagrams:

Removing the first row gives all the partitions with at most 2 parts with parts at most 2. Therefore, the
generating function for partitions A C (23) with \; = 2is ¢* - f22(¢) = ¢*(1 + ¢+ 2¢°> + ¢ + ¢*).
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This implies
f23(q) = fiz(@) + % f22(0) =1+ q+2¢° +2¢° +2¢"* + ¢° + ¢°.

The recursive relation can be used to calculate f.,(q) from the boundary values fo ,(¢) = fc,0(¢) = 1. These values
arise because the only partition with parts less than or equal to 0 or with 0 parts is the empty partition. The
bijection between a partition and its conjugate partition implies f.,(q) = fr.(q).

Let (a;q), = (1 —a)(1 —aq)--- (1 — ag™ 1) for any positive integer n and let (a;q)o = 1. For non-negative
integers n and m the g-binomial coefficient (or Gaussian polynomial) is defined as

0 if m > n.

itfm<n

This gives a product form for the generating function of bounded partitions.

Theorem 1.1.3. For non-negative integers ¢ and r

T g = {7“ : CL, (1.2)

AC(en)

Proof. The g-binomial coefficient [T _: C] satisfies the same recursive formula and boundary values as the generating

function f.,(q). The same boundary values are satisfied as

forlo) = ol = [§] = 1= (L= = 1]

For ¢ > 1 and r > 1 we have the recursive formula

()
<

1—¢° c) (¢“59)r—1

1—q" (¢:9)r—1
C. c+1.
— (q 7Q)T +qc (q aQ)r—l
(4 9)r (¢ 9)r—1

_rt+ec—1 c|lr—1+c
[ e[
q q
which is the same recursive formula as f;,(¢) = fe—1.,(¢) + ¢° - fer—1(q). It follows that

fer(q) = [r + C} .

r
for all non-negative integers ¢ and 7. O

Taking the limit of (1.2]) as ¢ goes to infinity gives the generating function for integer partitions with at most r
parts, namely

1— qC‘H S 1
lim = - = . 1.3
c—ro0 H l—¢ 22 1-q (g9 (1.3)

Because f..(q) = frc(q) it follows that (1.3) is also the generating function for integer partitions with parts at
most r. Letting r in (1.3)) tend to infinity gives the expected generating function (L.1)) for integer partitions.
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1.2 Plane Partitions

The concept of generalising integer partitions was introduced by Percy A. MacMahon in a sequence of papers titled
“Memoir on the theory of the partitions of numbers” which consists of seven parts [13]. In part one, written in
1895, he would consider stacking Ferrers graphs to construct three dimensional structures of dots. MacMahon
would refer to one such construction as a three-dimensional graph of a partition, which he would later refer to as a
plane partition. It is simple to view plane partitions as a kind of (Young) tableauzr which, like Young diagrams, are
named after Alfred Young who introduced them in 1900 [12]. Let A be an integer partition. A tableau T of shape
A is a filling, using positive integers, of the squares of the Young diagram corresponding to A. For example:

1
1
412

—_

2[33]

w

‘[\JO"H»—‘

is a tableau of shape (6,3,3,1). If the filling is required to be weakly decreasing both downwards and to the right
then this gives a plane partition 7 of shape A. For example:

6/5[5[4]1]
53
3[3

[ofe[~]~

gives a plane partition of shape (6, 3,3,1). If the filling is strictly decreasing downwards and weakly decreasing to
the right then it gives a column strict plane partition. This representation of 7 using a tableau is called a planar
representation of w. A plane partition is called symmetric if its planar representation is unchanged under reflection
about the main diagonal. For example:

413]1]
2[1
1

‘»—Awpbcn

(1.4)

is a symmetric plane partition of shape (4, 3,2,1). The numbers in the squares of the planar representation of 7 are
called the parts of m and |7| denotes the sum of the parts. If n is a non-negative integer such that n = || then 7 is
a plane partition of n. This representation can be thought of as a top-down view of © where each part denotes the
number of unit cubes in a stack. This gives a three dimensional representation for plane partitions. For example,
the symmetric plane partition corresponds to:

If the parts of 7 are at most ¢ and A C (¢") then we say 7 is contained in the box B(r,c,t), which we denote
m C B(r,c,t). Any integer partition has a natural corresponding plane partition which is given by filling its Young
diagram with 1s.

As we did with integer partitions, we would like a generating function for bounded and unbounded plane
partitions. The generating function for unbounded plane partitions was conjectured by MacMahon in the first part
of his paper “Memoir on the theory of the partitions of numbers” and he later proved it in parts five [14] and six [15]
which were published in 1912.

Theorem 1.2.1. The generating function for unbounded plane partitions is

7\'_00 1
2o ==

i=1
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In MacMahon’s book “Combinatory Analysis” published in 1915 [16] he proved a generating function for bounded
plane partitions which is equivalent to the following Theorem.

Theorem 1.2.2. The generating function for plane partitions contained in B(r, c,t) is

i+j+t—1

™ 1 -
pORPEIS | §) st

TCB(rc,t) i=1j=1

MacMahon also conjectured a generating function for bounded symmetric plane partitions in his 1898 paper
“Partitions of numbers whose graphs possess symmetry” [17], although he was not able to prove this.

Theorem 1.2.3. The generating function for symmetric plane partitions contained in B(r,r,t) is

t-+2i—1 2(t+i+j—1)

I 1-—
Z q"=H1j’qﬁ H %

7 CB(r,rt) i=1 1<i<j<r
where the sum is over symmetric plane partitions.

This was proven independently by George E. Andrews in 1978 and Ian G. Macdonald in 1979. Andrews used
determinants and hypergeometric series for his proof [5] [6]. Andrews build upon earlier work of Basil Gordon [18]
and of Edward A. Bender and Donald E. Knuth [19]. Gordon had already shown that one could try to enumerate
column strict plane partitions of odd heights. Bender and Knuth computed the generating function of these column
strict plane partitions and obtained two (they had to distinguish even and odd bounds) determinants. However, they
did not know how to evaluate these determinants. It was Andrews who evaluated these determinants. Macdonald
solved the problem in a very different manner by using symmetric functions with his proof given in the book
“Symmetric Functions and Hall Polynomials” [7]. We shall take the approach of Macdonald and express the
claimed generating functions of plane partitions as sums over Schur functions.

1.3 Schur Functions

In this section we will use symmetric functions to study plane partitions. A function is symmetric if any permutation
of its variables leaves it unchanged. Schur functions (also known as Schur polynomials) are a class of symmetric
functions that will be used extensively in the study of plane partitions. We will use Schur functions to give a
generating function for semistandard (Young) tableaux (which are Young tableaux where the filling is strictly
increasing downwards and weakly increasing to the right). We will then establish bijections between semistandard
tableaux and plane partitions. This will then give generating functions for plane partitions.

Before introducing Schur functions we should be familiar with the symmetric group S, on n letters. It is the
group consisting of the set of all permutations on n letters together with the group operation of composition. Let
s; € S, denote an adjacent transposition which swaps the ith and (i + 1)th letters, where 1 < i < n. Also let
sij € Sp denote a transposition swapping the ith and jth letters, where 1 < ¢ < j < n. The group S, is generated
by the set of adjacent transpositions [20], i.e., any permutation on n letters can be expressed as the composition
of adjacent transpositions. If f is a function in n variables then for w € S, we denote (wf)(x1,22,...,Tn) =
J(Tw(1), Taw(2)s - -+ Tw(ny). For example, (s;f)(x1,22,...,20) = f(@1,...,%i_1,Tiy1,Ti, Tit2,...,Tn). Therefore, f
is symmetric if (s; f) (21,22, ..., 2n) = f(z1,22,...,x,) foralli =1,2,... ,n—1. Another type of function we will see
are alternating functions, which are functions that change sign under any transposition of distinct variables. That
is, f is an alternating function in n variables if (s;f)(z1,22,...,2n) = —f(x1,22,...,2,) foralli =1,2,...,n — 1.

Schur functions (also known as Schur polynomials) were introduced by Augustin-Louis Cauchy in 1815 [4] and
named after Issai Schur. The Schur function sy in n variables indexed by a partition A with £(\) < n is defined as

Aj+n—j
deti<i j<n
sa(zy, @, ... xy) = eti<ij<n (] = ) (1.5)
det1<7, ]<n(x )
If £(X) > n then we define sx(z1,%2,...,2,) = 0. Note that in zero variables we have s)(—) = dx,0 where 0 is the

empty partition and 6y ¢ is the Kronecker delta

P 1, ifA=p
b 0, otherwise.
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The determinant in the denominator of (|1.5)) is known as the Vandermonde determinant and is equal to the product
[li<icj<n(®i —x;5), [21]. Cauchy proved that the Schur function is a symmetric polynomial [4]. We will see this by
the following lemma.

Lemma 1.3.1. If f(x1,22,...,2,) s an alternating polynomial of degree d then

flz1, o, ... zp)

H1gi<jgn(33i - zj)

(1.6)

‘ ‘ ‘ (n—1)
is a symmetric polynomial of degree d — 55—

Proof. We will first show that (1.6)) is a polynomial. Because f is an alternating polynomial, interchanging the

variables z; and z;, where 1 < i < j < n, changes the sign of f(x1,z2,...,x,), namely
(sijf)(x1,z2,...,2n) = —f(z1,22,...,2p).
If we let o; = x; then it follows that f(z1,22,...,2,) = 0. This implies that ; = x; is a root of f(z1,22,...,2x)

for any 1 <1i < j < n. Therefore,

f(.’l?l,l'Q,...,SUn):g(fﬂl,xQ,..-,.’En) H ((L‘Z—.'I}j)

1<i<j<n

for some polynomial g of degree d — % Therefore, (1.6 is a polynomial of degree d — nn=l) Moreover,
since both f(z1,22,...,2,) and [, ., ;< (z; — x;) are alternating polynomials it follows that (1.6 is a symmetric
polynomial. T O

Corollary 1.3.2. If £()\) < n then the Schur function sy in n variables is a homogeneous symmetric polynomial of
degree |Al.

Proof. By the Vandermonde determinant

Aj+n—j
deti<i j<n(z;’ )
sa(z1, 22, .., xn) = =Pt . (1.7)
e H1§i<j§n(xi - zj)
Aj+n—j

The determinant detq<; j<n(2; ) is an alternating polynomial since swapping any two distinct columns causes
it to change sign and it is equal to a homogeneous polynomial of degree

(nf1+A1)+(n72+AQ)+~~+(>\n):|A|+w.

Since the Vandermonde determinant is homogeneous, it follows that (1.7)) is a homogeneous symmetric polynomial
of degree |\|. O

We will now see how the Schur function gives rise to a generating function for semistandard tableaux. We say
that a semistandard tableau T has content p = (p1, po, . ..) if p; is the number of occurrences of the number j in
the filling of T for all j. For example:

1
3
5

—_

2[3]3]

w

‘\TCY‘[\DH

(1.8)

is a semistandard tableau of content (3,2,4,0,2,1,1). Here, as in the case of partitions, the infinite string of zeros
is usually omitted. If a semistandard tableau T has content u then it has an associated monomial z# = z{ x? - - -
which, by abuse of notation, is often represented as 7. Hence has associated monomial z3z3z3r2z677. We de-
note the set of all semistandard tableaux of shape A and content by SSYT(A, ). If the content is unrestricted then
SSYT(), ) denotes the set of all semistandard tableaux of shape A. The set SSYT,, (), -) denotes all semistandard
tableaux of shape A whose filling uses integers at most n.

Example 1.3.3. The semistandard tableaux in SSYT3((2,1,1),-), with their corresponding monomials underneath,
are:
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2] 3]

‘w‘w =

M‘OJ‘[\.’JH
‘OJ‘MH

TiT2T3 1‘1.’551‘3 1711‘258%.

Hence, we have:

T 2 2 2
g T = X7X2T3 + T1T5T3 + T1X2X3.
TeSSYTs((2,1,1),-)

It happens that the polynomial x%xgxg +x1x§x3 +x1x2x§ from the previous example is equal to 5(2,1,1) (z1, 22, x3).
This is no coincidence.

Lemma 1.3.4 (Branching Rule). Let A be a partition. Then for n > 1 we have

sa(T1,22,. .., Tn) = Z 8. (T1, Ty ooy )TN AL (1.9)

RPN

Proof. If £(A\) > n then £(u) > n — 1 for all g < A, which implies that (1.9) holds when ¢()\) > n as both sides will
be 0. Now suppose that £(A) < n. A revision on the properties of the determinant can be found in [21]. We begin
by subtracting the last row of the determinant in the numerator of (1.5 from all of the other rows:

Ni+n—j
_ dety<ijen (@)
H1§i<j§n(xi — ;)

Nid4n—j  Aj4n—j o
g TTI Aty 1fz<n>

S)\(:I"17$27 . '7xn)

7

det1<’ i< .
)N \j+n—j
Tn

1
H1§i<j<n(‘ri - zj) H:‘l:l (zi — 2n)

ifi=n

We now distribute the product H?:_ll (z; — x,,) into the determinant in the numerator by dividing row ¢ by (z; — x,,)
foralli=1,2,...,n—1:

deti<jj<n

( (xj‘jJrnﬂ- — TN (s = a) ifi<n )

Nj+n—j e
xn’+n J ifi=n

Sxlx1,22,...,T =
)\( 1,42, ) ’ﬂ) H1§i<j<n(xi_xj)

Nj—j A tn—j—1 o o
xS T kgl ifi<n
deti1<ij<n N
J+n—j
Tn

ifi=n

H1§i<j<n(xi - zj)
Ajtn—j—1 L n—k—1 Yo
[ i ifi<n N
deti<ij<n o T, a7
1 ifi=n ( )
= . 1.10
H1§i<j<n(xi — ;)

We will now proceed by successively subtracting columns in the determinant in the numerator: the first minus the
second, then the second minus the third, etc., up to the (n — 1)th minus the nth. This will result in the bottom
row having 0 in columns one to n — 1 and 1 in column n. This implies that (L.10) is equal to

Aj k+n—j—1 ik n Aj—j+1
deti<ij<n—1 <Zk=,\j+1 2 z ") Tz on

H1gi<j<n($i - 373‘)

(1.11)
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It follows from the multilinearity of the determinant that (1.11)) is equal to

pitn—j—1 j—p; n Aj—j+1 pit+n—j—1 A —n—+1T17Tn—1 Aj—pi+1
deti<jj<n—1 (fﬂi’ Ty, ])Hj:lﬂfn’ deti<jj<n—1 (2}’ Rl | P S

H1§i<j§n71(xi — ) H1§i<j§n71(mi — ;)

H=A =X

det <iien_ x/'tj—i-n—j—l m%;zl Aj—
1<7,5<n—1 i

H1§i<j§n71(xi - zj)

=X

pitn—ji—=1\ _[A—pul
detlgi,jgn_l (:ri’ )l’»‘n

H=A [Li<icj<n1(@i —x;)

A—
= g su(xl,zg,...,:cn_l)x‘n M O
=X

Theorem 1.3.5. Let A be a partition. Then

sa(xy, o, . xy) = Z zT (1.12)

TESSYT, (A,

Proof. If £(\) > n then the Young diagram of A will contain at least n+ 1 rows and there is no way to fill the Young
diagram using integers at most n such that the filling is strictly decreasing downwards. Thus, if £(A) > n then
will hold as both sides are 0. We will now suppose that ¢()\) < n and proceed by induction on n. If n =0
then A can only be the empty partition and the only tableau of shape A\ has the associated monomial 1. Hence,
holds when n = 0. Assume that holds for all n up to k — 1 for some k > 2. Let A be a partition of
length at most k. If T is a semistandard tableau of shape u < A whose filling uses integers from {1,2,...,k — 1}
then filling each square of A — p with a k and adjoining it to T" gives a semistandard tableau of shape A whose filling
uses integers from {1,2,...,k} with corresponding monomial xTxL)‘f“ . Conversely removing any squares filled by
a k in a semistandard tableau of shape A with squares filled from {1,2,...,k} gives a a semistandard tableau of
shape p for some p < A whose filling uses integers from {1,2,...,k — 1}. Therefore,

) xTzz(xM 3 )xT).

TESSY Tk (A,") =<\ TESSYTy_1 (11,

The inductive hypothesis and branching rule gives the required result:

Z T Z IA—pl E : T E A=l
T = (_ij €T = Su(x17x27~-'7$k*1>mk = SA($1,$2,--~7xk)- N

TESSYTr(A,") 1=\ TESSYTh_1(1,) <A

We will now use our generating function for semistandard tableaux to construct a generating function for plane
partitions. Tableaux and plane partitions are both fillings of Young diagrams. It is easy to translate a semistandard
tableau to a column strict plane partition and vice versa. Given a semistandard tableau 7" we can replace each
number ¢ in the filling of T by x; to obtain an alternative representation of 7. For example, the tableau can
be represented as:

T1|T1|T x2|x3|w3‘ (1.13)

—

T2 T3 |T3

L5 | L5 | Le

Z7

We can let each variable represent a stack of cubes to give a column strict plane partition. For example, if we let

x; = ¢ % in (1.13)) then by reading the powers of ¢ gives a column strict plane partition, namely:

x| 71| T 302|333|9€3‘ . " 4" |q" q6|q5|q5‘ LT 6|5|5‘
T2 |T3|T3 | 6

T5|Ts5|Te 3P| ¢ 313

T7 q 1
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The power of ¢ in z7 is equal to the sum of the parts of the corresponding column strict plane partition. This

implies that the generating function for column strict plane partitions of shape (¢") with parts at most ¢ is

S(CT)(qt7 qtila AR q)
Because the Schur function is homogeneous it follows that sy(zz1, 222, . .., z2,) = z"\|3>\(ac1, Za,...Ty). Thisimplies
seny(ahat ™ o q) = ¢ seny (¢t ¢t 2, ... 1), This allows us to form a generating function for bounded plane
partitions.

Theorem 1.3.6. The generating function for plane partitions contained in B(r,c,t) is:

Y g™ = s (¢ g TR L ),
wCB(r,c,t)

Proof. We will establish a bijection between column strict plane partitions of shape (¢") with parts at most t + r
and plane partitions contained in B(r,¢,t). Let A = (¢") and let ™ be a column strict plane partition of shape A
with parts at most ¢t 4+ r. If we reduce each part in row r — k + 1 by k, in the planar representation of m, for each
k € {1,2,...,r} then we obtain a plane partition contained in B(r,c,t). For example, if c = 6, r = 4 and ¢ = 3
then:

T|7|716]5]5
6/5/5|5]4|3
413(2|2|2|2
2(2]1]1]1]1

is a column strict plane partition of shape (¢") with parts at most ¢ + r and removing 4 from each part in the first
row, 3 from each part in the second row, etc., gives the plane partition:

3[2]1]1]
2

N (|
N

which is contained in B(r, ¢, t). Conversely, given a plane partition 7' C B(r, ¢, t) if we add k cubes to each stack
(including empty stacks) in row » — k + 1, in the three dimensional representation of 7/, for each k € {1,2,...,r}
then we obtain a column strict plane partition of shape A with parts at most ¢ + r. For example, if r =c=1¢t =4
then:

is a plane partition contained in B(r,c,t). Adding 1 cube to each stack in row 4, 2 cubes to each stack in row 3,
etc., we obtain the column strict plane partition of shape (¢") with parts at most ¢ + r:

Therefore, by this bijection, each plane partition in B(r,¢,t) can be uniquely obtained from some column strict
plane partition of shape (¢") with parts at most ¢ + r. Such a plane partition will have er(r +1)/2 = c(r‘gl) less
cubes than its corresponding column strict plane partition. Since the generating function for column strict plane
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partitions of shape (¢”) with parts at most ¢ + 7 is ¢ sq. (¢, ¢*t772,...,1) it follows that the generating
(™)
function for plane partitions contained in B(r, ¢, t) is
_(rt1 _ _ (T _ _
¢ ("} )s(cr)(qt'” Lgttr=2 1)=q c(z)s(cr)(qt—&-r Lgttr=2 1). =

A similar bijection also exists between symmetric plane partitions contained in B(r,r,t) and column strict plane
partitions with odd parts contained in B(r, t,2r —1). We will establish this bijection in two different ways, with the
first being the classical construction. Let 7 C B(r,r,t) be a symmetric plane partition and let 73 denote the kth
layer of cubes in the three dimensional representation of w. Then m; consists of the cubes forming the first (base)
layer of 7, 7o consists of the cubes forming the second layer (the layer above the first), etc. For example, if we let
7 be the symmetric plane partition given by:

3[3]1]1]

[\)
—_

‘n—\‘»—tooc,o»b
—

(1.14)

then we have:

B, s v s

T2 T3 T4

Each layer 7, can be decomposed into hooks about the main diagonal, namely Hj 1(7y), Hz 2(7y), etc. For example:

e@%@%e

ié iﬁ 3
H11 71'1 H11 7T2 H11 7T3 H11 7T4
Hy 5(my) Hj 5(72)

As 7 is a symmetric plane partition it follows that each layer is also a symmetric plane partition which implies each
hook contains an odd number of cubes. Moreover, 2r —1 > hq 1(my) > hoo(my) > - -+ for all k. Mapping each hook
H, ;(m;) to a stack of h; ;(m;) cubes with base at position (,7,1) gives a column strict plane partition with stacks
of odd height contained in B(r,t,2r — 1). For example:
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N N .

— Hy1(m1) Hy 1(mg) Hj 1(ms) Hi(my)
Hjo(m1) Hj o(m2)

This process is easily reversible and establishes the required bijection.
A modern approach to this bijection is to use diagonal slices. For example we may diagonally slice the symmetric

plane partition (|1.14) as follows:

RN

SR -

Let m C B(r,r,t) be a symmetric plane partition. Reading along each slice of 7 gives an integer partition, where
A denotes the integer partition corresponding to the main diagonal slice. For example, the slice along the main
diagonal of ( - gives the integer partition (4,2). Reading from the bottom left-hand slice to the top right-hand
slice of 7 gives a sequence of interlacing partitions --- < A(=2) < X(=1) < X0 o XD o« X(2) » ... For example,
the diagonal slices of give the following sequence of interlacing partitions:

(1) < (1) < (3) < (3,1) < (4,2) = (3,1) = (3) = (1) = (1).

The sequence will be palindromic since 7 is symmetric. Each A(#) corresponds to a plane partition, namely the plane
partition formed by filling the Young diagram of A() with 1s. Stacking the three dimensional representations of the
plane partitions corresponding to the A®s, in the order of the partition with least cubes on the top to partition
with most cubes on the bottom, gives a column strict plane partition with odd parts contained in B(r,¢,2r — 1).
The following is the process completed on , which gives the same result as the first bijection:

MO = D =(1) - g
AB =23 =) = 9
> A =2 =@3) - % o

A =20 =(31) -

A0 =(4,2)
This process is easily reversible and again establishes the required bijection.

Theorem 1.3.7. The generating function for symmetric plane partitions contained in B(r,r,t) is

> os@® e g). (1.16)
ACG)
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Equivalently this is the generating function for column strict plane partitions with odd parts contained in B(r,t,2r —
1).

Proof. Let A C (t"). Then sx(¢?"~1,¢* =3,...,q) is the generating function for column strict plane partitions of
shape A with odd parts at most 2r — 1. Therefore, summing over all A C (") gives the generating function
for column strict plane partitions with odd parts contained in B(r,¢,2r — 1). The bijection between column strict
plane partitions with odd parts contained in B(r,t,2r — 1) and symmetric plane partitions contained in B(r,r,t)
implies that is also the generating function for symmetric plane partitions contained in B(r,r,t). O

1.4 Skew Schur Functions

In this section we will examine the skew Schur functions, which are a generalisation of the ordinary Schur functions.
Before giving a definition, we must first generalise the notion of shape of Young tableaux. If A and p are integer
partitions such that g C A then a tableau T of (skew) shape A/u is a filling, using positive integers, of the squares
of the skew diagram A — u. For example

4]

Qo

2
7
b}

44|
6

is a tableau of shape (6,5,5,2,1)/(4,3,3). If the filling is required to be strictly increasing downwards and weakly
increasing to the right then this gives a semistandard tableau of shape A/u. For example

2]

415
3]

[1]1]6 (1.17)

is a semistandard tableau of shape (5,4, 3,3)/(6,2,2). All definitions related to tableaux of shape A generalise in the
obvious way to tableaux of shape \/u. For example, the semistandard tableau has content n = (2,1,0,1,2, 1),
has associated monomial 2" = x3w,242226 and belongs to the set SSYT((5,4,3,3)/(6,2,2),7).

We can also generalise the Schur function to allow indexing by skew shapes. For finite alphabets z and y in m
and n variables, respectively, we define the Schur function indexed by skew shape A/u to be the function such that

sa(@,9) =D snu(v)su(z) (1.18)

HCA

if n > £(\) — £(u). Otherwise, s)/,(y) := 0 if n < £(A) — £(p). We will now use the Branching Rule, see Lemma
to give s/, (y) explicitly in the case n > £(\) — £(u). Let y be the alphabet in the n variables 1,2, ..., ¥n.
Clearly if n = 0 then by definition we have s)(~) = 6, ,. So now suppose that n > 1. It follows immediately
by the Branching Rule and induction on n that

sx(w,y) = > (su(x) 11 yi"(i)_"m)> (1.19)

2© <M <2 i=1

nV=u
n(n):)\
where n(®, ... n(™ are partitions. Therefore, we obtain an explicit equation for the skew Schur function, in the

case n > L(\) — £(u),
B PR
s = D (Hyl- ) (1.20)

7 <@ <o) N i=1
7O =p

n(n):)\

Note that the sum in is 0 when n < £(\) — £(u). Hence, holds for both cases of n. We have seen
that the ordinary Schur functions indexed by partitions are symmetric functions. Therefore, it follows from the
definition that the skew Schur functions are symmetric functions. In the next Lemma we will see that the
skew Schur function satisfies a combinatorial property similar to that of Theorem [1.3.5]
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Lemma 1.4.1. Let A and p be partitions such that p C A. Then

Sa/u(T1, 2, 2n) = Z zT. (1.21)
TESSYTn (A 1,

Proof. If n < £(X) —¥¢(p) then the skew diagram A — p will have a column with at least n+ 1 rows and we cannot fill
these squares using integers at most n such that the filling is strictly decreasing downwards. Thus, if n < £(X) —€(u)
then holds as both sides will be 0. So we will assume that n > ¢(\) — £(x) and proceed by induction on n. If
n = 0 then the only defined tableau whose filling uses no integers is the tableau of shape A\/u with A = u which has
associated monomial 1. Thus, holds for n = 0. Assume that holds for all n up to k — 1 for some k > 2.
Let A be a partition of length at most k. Suppose T is a semistandard tableau of shape v/u, where v is a partition
such that g C v < A, whose filling uses integers from {1,2,...,k — 1}. Then filling each square of A — v with a k
and adjoining it to T gives a semistandard tableau of shape A/ whose filling uses integers from {1,2,...,k} with
corresponding monomial xTx‘k)‘*”I. Conversely removing any squares filled by a k in a semistandard tableau of
shape A/p with squares filled from {1,2,...,k} gives a a semistandard tableau of shape v/u, where v is a partition
such that u C v < A, whose filling uses integers from {1,2,...,k — 1}.
For example, in the diagram:

the filled squares give a semistandard tableau of shape (6,5, 3,3)/(5, 2, 1) whose filling uses positive integers at most
4. Removing from this semistandard tableau the squares filled with a 4 gives the semistandard tableau represented
by the green squares which has shape (5,3,3,1)/(5,2,1) and whose filling uses positive integers at most 3. Moreover,
(5,2,1) € (5,3,3,1) < (6,5,3,3).
Therefore,
O S C D M
TeSSYTr(N 1,-) ZS’); TeSSYTr—1(v/p,")

and by the inductive hypothesis

AL o ey
T _ | =) [A—v|
TESSYTy (M 1,7) V<A N (0 4o k=) N =1

7=y
=1y

k
[p®—p =1
2 (1=

p(© Leozp®) Ni=1

nO=p
n(k):)\
= Sx/ulT1, T2, ..., 2k).

In conclusion, (|1.21)) holds for all n. O



Chapter 2

Root Systems

In Chapter [1| we derived generating functions for plane partitions as sums over Schur functions. In this Chapter we
will see how to evaluate some of these sums using representation theory. In particular we will use results from the
theory of root systems, which has significant applications to the representation theory of semi-simple Lie algebras.
Most of the results we use in this Chapter follow immediately from studying root systems on their own and we will
not need to reference the underlying representation theory. In Section [2.4] we outline Macdonald’s proof of Theorem

2.3

2.1 Root Systems

In this Section we will introduce root systems and give some basic results. For the remainder of this Chapter we let
E denote an Euclidean space, i.e., a finite-dimensional vector space over R with an inner product (-,-) : E — R. A
familiar example of such a space is R™ together with the standard inner product (also known as the dot product).
Given any non-zero vector « € E, the set of orthogonal vectors to «, i.e., {8 € E : (a,8) = 0} determines a
hyperplane in E and is denoted as H,. An important notion in the theory of root systems are reflections. A
reflection o, : E — E, indexed by a non-zero vector o € F, is an invertible linear transformation that reflects all
B € E about the hyperplane H,. We have the following example in R?:

oa(B) o~ Ha

The map o, has a simple explicit formula, which we give in the following Lemma.
Lemma 2.1.1. For any non-zero vector o € E the map o, : E — E can be explicitly defined as:
2
(.0),,
(a, )

Proof. Clearly the right-hand side of is linear in 3. By definition the map o, fixes any vector in H, and maps
« to its negative. It will suffice to show that the right-hand side of satisfies these two properties, as each
vector in E can be written as a linear combination of a vector in H, and «. For the first property, suppose that 3
is in the hyperplane H,. Then as (3, «) = 0 we have

da(B) =5 - (2.1)

28,0) 5
Therefore, (2.1) holds when 8 € H,. Moreover, evaluating the right-hand side of (2.1) when 8 = « gives
2
—Ma:a—%u: —a = o4(@).
(a,a)

20
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Hence, (2.1)) holds for f = . In conclusion (2.1)) holds for all g € E. Thus, (2.1)) also defines its own inverse. [

so we will denote it by (3, a). We can now
define root systems. We say that a subset ® C F is a root system if the following conditions are satisfied:

Throughout this Chapter we will often reference the number %

(R1) The set @ is finite, does not contain the zero vector and spans E.
(R2) If @ € ® then: ca € @ if and only if ¢ = +1.

(R3) If o € ® then o, leaves ® invariant.

(R4) If o, B € ® then (B, a) € Z.

The vectors in ® are called roots. We call dim(FE) the rank of ®. For any a € ® the map o, is a permutation of
®, as @ is finite and the reflection o, leaves ® invariant. Therefore, the group generated by reflections o, forms a
subgroup of the symmetric group on ®. We call this group the Weyl group of ®, which is denoted by # . For the
remainder of this Section ® will denote a root system with rank ¢ and with Weyl group 7.

A subset A C ® is called a base if:

(B1) The set A is a basis of E.
(B2) For each 3 € ® there exist integers k, either all non-positive or all non-negative such that 8 =3 A kac.

Clearly there must exist a subset A C & satisfying the first condition as ® spans E. However, the existence of
such a subset satisfying the second condition is not-obvious. In fact every root system ® has a base, a proof can be
found in [22]. The elements of A are called simple roots. The values of k, in (B2) are unique. Since if there were

numbers ¢, such that § = ZQGA Cco o then

ﬂzzkaazzcaa = Z(ka—ca)azo.

aEA aEA aEA

It follows from A being a basis of E' that A is linearly independent. Therefore, k, — cq = 0 and k, = ¢, for all
a € A. This uniqueness means that the height of a root 3 € ®, relative to A, given by ht(3) := > . A ko is well
defined. As 0 ¢ ® O A not all &, in (B2) can be zero, i.e., ht(8) # 0. A root f is called positive if ht(8) > 0 and
negative if ht(3) < 0 which we denote by 8 = 0 and 8 < 0, respectively. We define the subsets @+ C ® and &~ C &
to be the disjoint sets of positive and negative roots, respectively. Note that ® = & U ®~. The Weyl group #
is generated by the reflections o, with a € A, see [22] for a proof. When we write a reflection ¢ as the product
Oa; ***Oq, With each a; € A and with £ minimal, then k is called the length of o, relative to A, which we denote
by ¢(c). We will now see two examples of root systems.

Example 2.1.2. let ® be a root system in R. If a is a root in ® then the only other root in ® is —a, this follows
from (R2) and the fact that R is 1-dimensional. Therefore, all such root systems ® C R are of the form:

—a % o
0

The set {a} forms a base for ®.

Example 2.1.3. The following diagram corresponds to a root system ® C R? with base {c, 3} :

B
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Given a vector v € E we may like to know if it lies on a hyperplane H, for some o € ®. A vector v € F is called
regular if it is not in any hyperplane, that is v € E\ (Uaecb Ha), and is called singular otherwise. The hyperplanes
partition the space E into disjoint open subsets of E which are called Weyl chambers, i.e., the Weyl chambers are
the connected regions in F\ (Uaeq, Ha). Therefore, each regular v € E belongs to some Weyl chamber and we
denote this Weyl chamber by €(v). As the Weyl chambers are separated by hyperplanes, any two distinct regular
vectors 71, y2 in the same Weyl chamber must both be on the same side of each Hyperplane.

For any v € E we let ®T(v) := {a € ® : (v,) > 0}. Therefore, any two distinct regular vectors 71, vz are in
the same Weyl chamber if and only if ®(v;) = ®T (7). If we fix a regular v € E then a root a € ®* () is called
indecomposable if there does not exist other roots 1,82 € ®T(v) such that a = B; + 2, otherwise « is called
decomposable. We let the set of all indecomposable roots in ®(v) be denoted by A(y). The set A(v) is a base
of ®. Moreover, if A is a base of ® then there exists a regular v € E such that A = A(«), a proof can be found
in [22). If A is a base of ® and A = A(y), where + is regular, then we let €() be the fundamental Weyl chamber
relative to A. For example, in the following diagram the dashed lines depict the hyperplanes in the root system of
Example and the shaded region is the fundamental Weyl chamber relative to the base {«, 5}:

Given a choice of simple roots aq, ..., a, of a root system @, the corresponding fundamental weights wq,...,w;
are defined by
(wi, o) = by
Moreover, the integer span of the fundamental weights is called to weight lattice, which is denoted by P. The cone
P* C P defined by

¢
P*{Zkiwiepzkiz()foraui}
i=1

is known as the set of dominant (integral) weights. One particularly important element of P is the Weyl vector p
defined as half sum of the positive roots, i.e.,

4
p=y Y 0= w
=1

aedt

2.2 Classification of Irreducible Root Systems

In this section we will give a classification of the irreducible root systems. A root system @ is irreducible if cannot
be partitioned into the union of two proper subsets ®1, Py C & such that (a,8) = 0 for all « € &1 and 8 € Ps.
We will achieve this by examining Dynkin diagrams, which are named after Eugene Dynkin. We will see that every
irreducible root system corresponds to a Dynkin diagram. Before introducing Dynkin diagrams we will first discuss
Coxeter graphs.

Let ® be a root system of rank ¢ and let A = {1, a9,...,a¢} be a base of . The Coxeter graph of ® is
the graph with ¢ vertices where the ith and jth vertices, with ¢ # j, are connected by (o, ;) (e, ;) edges. For
example, the root system given in Example [2.1.3] has the Coxeter graph:

O——=0O
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The condition (R4), from the definition of root systems, significantly restricts the number of possibilities for the
value of (a,B)(6,«a) for roots o, € ®. Recall that if a,8 € E then the angle 6§ between them is given by
|l - 18] cos(8) = (e, B) where ||| := (v, )2 is the length of . Therefore,

_2(B.0) _ 208 ollcos®) _ I8, _
.00 = Torw) = Tall ol cos(0) ~ ] =
and it follows that
(a, B)(B,a) = 4cos*(0) = (2 008(9))2. (2.2)

By (R4) the left-hand side of (2.2)) must be an integer. This leaves the following possibilities
cos(f) € {O,i%,i§,i§,il}.

Therefore, (o, 8)(8, @) is equal to 0, 1, 2, 3 or 4. If o; and «; are distinct simple roots then they cannot be scalar
multiples of each other, which implies (o, a;)(;, ;) # 4. Therefore, in the Coxeter graph of ® the ith and jth
vertices, with i # j, will be connected by 0, 1, 2 or 3 edges.

A Dynkin diagram of ® is formed by taking the Coxeter digram of ® and whenever two vertices are connected
by 2 or 3 edges we add an arrow pointing to the shorter of the two roots, i.e., the root with least length. If ® is
an irreducible root system then at most two root lengths occur in @, [22]. Thus, the roots with the longest length
we call long roots and the roots with the shortest length we call short roots (if all the roots have the same length
then we call them all long roots). If @ is an irreducible root system of rank ¢ then its Dynkin diagram is one of the
following (the subscripts denote the number of vertices, i.e., the rank of the root system):

D, (£ >4) O O O
o
Eg O O O O O
o
E7: O O O O O O
o
Eg: O O O O O O O

Fy: oO——a—>—0o—0
Gy : @

A proof of this classification can be found in [22]. The root system in R? with base {a, 3} depicted below:
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has the Dynkin diagram Go.

2.3 The Weyl Character Formula

In the representation theory of semi-simple Lie algebras, a particularly important role is played by the so-called
integrable highest-weight representations. Let g be a semi-simple Lie algebra with root system ®. For each A € PT
there is, up to isomorphism, exactly one irreducible highest-weight representation of g, denoted V' (), [22]. The
character of V() can be expressed concisely using only root system data, thanks to the Weyl character formula:

Zwew(_l)f(w)ew(%&-p)—p
Ha>0(1 - e—a)
Here p is the Weyl vector and # the Weyl group. The Weyl character formula is named after Hermann Weyl. He

gives and proves this formula in the sequence of three papers [23] [24] [25]. For A = 0 we obtain the one-dimensional
trivial representation, in which case the character trivialises to 1. In this case we obtain the Weyl denominator

formula:
Z (_1)l(w)ew(p)fp — H(l —e ).

weW a0

char(V(\)) =

Of particular interest to us are the Lie algebras sl(n,C) and so(2n + 1,C) whose root systems are A,_; and
B,, respectively. For these two cases the above characters may be identified with the Schur functions (1.5) and
odd-orthogonal Schur functions

( “XjHi-1 _ Iaj+2n—j)7

802041, (%) = i i

A(x) 1§¢,ejgn

where z = (21,...,%,), A = (A1,...,A,) is a partition or ‘half-partition’ (a half-partition is where each \; € Z + 1)

and
n

A(x):= det (z) ' —a") = H(l —x;) H (i — xj)(xizj —1).

1sijsn i=1 1<i<j<n
To make the above connection in the case of B, one takes £ = R", with orthonormal standard basis vectors
€1,---5€n, |7]. Then we let ® = & U P~ be the root system of rank n where
Pt ={e;+e:1<i<j<n}U{e:1<i<n}, P ={—€+¢:1<i<j<n}U{—¢:1<i<n}
It has base
A= {61 —€2,...,€p1 — Enven}
and the Weyl vector is

1
p= 5((271— Der+ (2n—3)ea + -+ + €5).

The set of dominant integral weights may be parametrised as
(/\1 - )\2)w1 +--+ (/\n—l - /\n)wn—l + 2wy

One can identify the Weyl group of this root system as the group of signed permutations, i.e., the hyperoctahedral
group (Z/27)1 Sy, where S, acts on R™ by permuting the ¢;’s and Z/27Z by negating the €;’s. A similar construction
of type A, _1 expresses the character, in the Weyl character formula, as the Schur function (|1.5)).
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2.4 Proof of Theorem (1.2.3

In this Section we will give an overview of Macdonald’s proof of Theorem which he gives in [7]. Macdonald
was able to discover a proof for Theorem [I.2.3] using results from representation theory, in particular the Weyl
character formula. Let r and ¢ be non-negative integers. In [7] Macdonald derived the following identity:

N -1 t42r—j
detici j<r (2] —; )

& S S e o - o) D) (23
This may be recognised, see 7], as the branching rule:
Z sx(T1y - xp) = (11 xn)% 802r+1,(%)r(l‘1, e Ty
AC(t7)
We now specialise by setting x; = ¢~ 2! for each i = 1,2,...,r. In the denominator of we obtain
ﬁ (1- q2r72i+1) H (q2r72i+1 _ q2r72j+1)(q2r72i+1q27‘72j+1 ~1). (2.4)

i=1 1<i<j<r

Replacing i and j with » — ¢+ 1 and r — j + 1, respectively, and swapping ¢ and j in the inequality of the right
product (as i < j implies r —j +1 <r — i+ 1) it follows that ([2.4) is equal to

T

H (1 _ q2r72(r7i+1)+1) H (q2r72(r7i+1)+1 _ q2r72(r7j+1)+1) (q2r72(r7i+1)+1q2r72(r7j+1)+1 _ 1)

i=1 1<j<i<r

_ ﬁ (1 _ q2i71) H (q2i71 _ q2j71) (q2i71q2j71 _ 1)
i=1 1<j<i<r

_ ﬁ (1 _ q2i—1) H ((1 . q2j+2i—2)(1 _ qzi—zj)qzjﬂ)
i=1 1< <i<r

Relabelling ¢ to j and j to 4 in the right product implies that (2.4)) is equal to

r

H (1- q2i—1) H <(1 — g¥T2y(] - q2j—2i)q2i—1). (2.5)

i=1 1<i<j<r

For the numerator of (2.3) by a non-trivial application of the B, Weyl denominator formula, see [26] for details,
we obtain

r

1<(%E}t<,. ((qQT._2i+1)t+2r—j _ (qQ"_QiH)j_l) _ H (1 _qt+2i—1) H ((1 222y _qzj—Qi)qzi—l)_ (2.6)

i=1 1<i<j<r

It follows from (2.3)), (2.5) and (2.6 that

ITy (1= a2 ) Ticieye, (1= #29272)(1 = g2i20) g2 )

Z SA(q2T71,q2T73, ce aq) =

N T, (1—¢%1) Micicjer ((1 _ QRi+2-2)(1 - q2j72i)q2i71)
Tl gttt 1 — g2(t+iti=1)
= H 1—g2i1 H 1— @2G+-D
i=1 1<i<j<r

where, by Theorem the left-hand side is the generating function for symmetric plane partitions contained in
B(r,r,t). This concludes the proof of Theorem m



Chapter 3

Fock Space and Vertex Operators

In this chapter we will examine operators on the fermionic Fock space and use these to study plane partitions and
symmetric functions. The fermionic Fock space is named after the physicist Vladimir A. Fock (1898-1974) whose
work helped develop the field of quantum physics and quantum mechanics. This space was first introduced by Fock
in 1932 [27]. The fermionic Fock space is an algebraic construction (which is given in Section that is used
to describe quantum states. It is related to the Dirac sea, which was introduced by the physicist Paul Dirac in
1930 [2§]. The Dirac sea is related to the energy in a quantum state. An algebraic interpretation of this is given
in Section In Section we will examine the relationship between the Dirac sea and Maya diagrams. This
will result in a connection between partitions and zero-charge quantum states. In Section [3.4] we will study vertex
operators on the fermionic Fock space. We will use the results of Section in Section to compute generating
functions for plane partitions. For more information about the fermionic Fock space and vertex operators one can
see [8] [9] [10] [29].

3.1 Fock Space

In this section we will give an algebraic construction of the fermionic Fock space. For this we must first introduce
the exterior algebra of a vector space W, denoted A(W). It is defined as the quotient T'(W)/I where T(W) is the
tensor algebra on W

oo k
Tw)=@1'w, T'W=QQW
k=0 j=1
and [ is the ideal generated by all v ® v where v € W. The wedge product A is defined by v Aw = v ® w + I for
any v,w € W. The wedge product is associative and distributive. From the definition of I it follows that v Av =0
for all v € W. The wedge product is anticommutative since

O=@w+w)AN@v4+w)=vAv+vAw+wAVF+WAW=VAW+ WAV

which means v A w = —(w A v) for all v,w € W.

From now on V' is the infinite-dimensional vector space over F with basis {vj},.cz +1. The use of half integers
for indexing basis elements of V' stems from the concept of spin in quantum mechanics. Specifically, fermions are
particles with half-integer spins. For example, the wedge product

— VL AV_3 ANv_z ANVvs Nv_9 Nv_12 A--- (3.1)
2 2 2 2 2 2

is an element of the completion of A(V). By the anticommutativity of the wedge product, (3.1)) can be reordered
so that vector subscripts are strictly decreasing. Namely, it is equal to

A (3.2)
A wedge product A\;2, vs, = vs, Avs, A--- in the completion of A(V) is called semi-infinite if the s;’s are pairwise
distinct and the set {s1,s2,...} is bounded from above [30]. A semi-infinite wedge product A;-, vs, is called
normally ordered if its vector subscripts are strictly decreasing, i.e., s; > so > ---. A semi-infinite wedge product
Ny vs; is called regular if there exists some integer n such that s; — s;41 = 1 for all i > n. The example ([3.2) is
a regular normally-ordered semi-infinite wedge product. Given any semi-infinite wedge product it can be normally
ordered using the anticommutativity of the wedge product.

26
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If S ={s1,82,...} CZ+ % is an ordered set then we let vg := A=, vs,. For example, if

1 .3 _7 _9 _11
S: 2 = 75,*5,*5777,...} (33)
then vg is given by (3.2). If S C Z + % is an ordered set such that its elements are strictly decreasing then vg is a
regular normally-ordered semi-infinite wedge product if and only if the sets

Sy = S\{~1,-23,-3..}, S_.={-1 -3 _3..1g

are finite. The set S, is finite if and only if S has an upper bound, i.e., vg is semi-infinite. The set S_ is finite
if and only if there exists some positive integer n such that s; — ;41 = 1 for all ¢ > n, that is vg is regular. For
example, for S in we have 54 = {3,1} and S_ = {3, -3}

We denote the fermionic Fock space (also known as the semi-infinite wedge space) as A% V. It is the subspace
of the completion of A(V') with basis the set {vg} of regular normally-ordered semi-infinite wedge products [8]. We
refer to the elements of the fermionic Fock space as states. For example, for .S in the state vg is a state in the
basis {vg} of AT V. Whenever we write vg this is assumed to be an element of the basis {vg}. Given the state
vg we define sp = oo which is not in S. We equip A% V with an inner product (-,-) in which the basis {vg} is
orthonormal, i.e., (vg,vg:) = dg g where dg g/ is the Kronecker delta

1, ifS=9
5,50 1= {

0, otherwise.

In the Dirac sea, a quantum state can correspond to a state in the fermionic Fock space, [31]. An important
state in the fermionic Fock space is the vacuum state defined as

Ao (3.4)

The charge of a state vg is the integer |Sy| — |S_|. For example, the vacuum state vy has zero charge. We denote
by F,, the subspace of A%V spanned by all regular normally-ordered semi-infinite wedge products of charge n. The
charge provides a Z-grading of the fermionic Fock space, namely

ATV = F.. (3.5)

nez

In Sectionwe see how to give (3.5)) in terms of the zero charge space Fy. The space Fj is of particular interest as
in Section [3.3] we will see a bijection between partitions and regular normally-ordered semi-infinite wedge products
of zero charge.

3.2 Creation and Annihilation Operators

We will now introduce two important operators that act on the fermionic Fock space. These operators are called
creation and annihilation operators. In quantum mechanics the creation and annihilation operators increase and
decrease, respectively, the number of particles in a quantum state by one [32]. Let ¢, : AV — A%V be a linear
operator defined by 15 (f) = vy A f where k € Z + 1 and vy, is a vector in the basis {vrtrezsy of V. The operator
1y, acts on the state vg (recall s := c0) as follows:

{(l)rvsl/\«-'/\vsr/\vk/\vsr1/\«-«, ifs, >k>s41
Vr(vs) = ! :
0, ifke S
which, up to a possible sign, is a regular normally-ordered semi-infinite wedge product in the k ¢ S case. We call
1 a creation operator. This operator corresponds to the action of creating a fermion in a quantum state if that
fermion does not already belong to that state. If a fermion exists in a quantum state, then we cannot create another
identical fermion in the state by the Pauli exclusion principle [33].

Let 7 : A2V — A%V, where k € Z + %, be the adjoint operator of ¥y, i.e., (z/;k(f),g) = (f, wZ(g)) for all
states f,g € AT V. In the following Lemma we will see explicitly how }, acts on the fermionic Fock space.
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Lemma 3.2.1. The operator v} acts on a state vs as follows:

(=) tog, Ao Avg, Avg Aeee ifk = s,

0, ifk ¢ S. (3:6)

Pi(vs) = {

which, up to a sign, is a reqular normally-ordered semi-infinite wedge product in the k € S case.

Proof. We need to show satisfies the relation (’(/Jk (f),g) = (f, vy (g)) for all states f and g in the basis {vg} of
AT V. If f and g are states in the basis {vg} then f =v; and g = v, for some ordered sets I = {iy,i2,...} CZ+ 3
and J = {j1,j2,...} C Z + % such that iy > iz > -+ and j; > jp > --- with the sets I, I_, J; and J_ being
finite. We have the following cases:

(1) If k € I then ¢ (f) = 0 and f # ¥} (g), which implies (¢« (f),g) =0 and (f,¥}(g)) = 0.
(2) Suppose k ¢ I.
(a) Suppose I Uk # J. Then (¢y(f),g) = 0 and either ¢} (g) =0 (if k ¢ J) or I # J\{k} (if k € J), with
either implying (f, z/;,:(g)) =0.

(b) If IUk = J then k = j, for some r. This implies ¢y (f) = (=1)""'g and ¢} (g) = (—1)" ' f which gives
(¥r(f),9) = (=1~ = (£,4k(9))-

We conclude that (wk(f),g) = (f, w;(g)) for arbitrary states f and g in the basis {vs} of A% V. Therefore, ¢;
defined in (3.6)) is the adjoint operator of . O

The equation (3.6)) extends to all states in A%V by linearity. We call ¢} an annihilation operator. This operator
corresponds to the action of removing a fermion from a quantum state, providing that fermion does exist in that
state.

Lemma 3.2.2. The operators ¢y and v} satisfy the anticommutation relation i) + Vi, = 1.
Proof. Let f = vg be a state in the basis {vg} of AT V. We have the following two cases:
(1) Suppose k € S. Then k = s, for some r. It follows that
Uk (Ve (f) = k(1) g Avgy Avos Avg_, Avg  Aeee)
= (=" =) g A Avs  Avs, Avg, Ly A
= f.
Moreover, ¢y (f) = 0 which means ¥} (s (f)) = 0. Therefore, we have (Y} + Vi) (f) = f.

(2) Suppose k ¢ S. Then there exists some r such that s, > k > s,1. This implies

1/JZ (wk(f)) = 1/)2((—1)”}51 ARERNA Vs, AU/ AN Vs,y1 AN )
=(=1)"(=1)"vgy A= ANvg,_ Ng, NVg ) A

= f.

Moreover, ¥} (f) = 0 which means 9, (w;:(f)) = 0. Therefore, we have (Yrf + juvr)(f) = f.

Therefore, in either case (Y} + i) (f) = f where f is an arbitrary state in the basis {vs} of AZV. This
implies the anticommutation relation 1y} + ¥, = 1. O

In general, the creation and annihilation operators satisfy the anticommutation relations

Vihs + i = 6y, (3.7a)
Yithj + Y90 =0, (3.7b)
Vi + iy =0 (3.7¢)

where 0; ; is the Kronecker delta. Lemma proves the non-trivial anticommutation relation in (3.7). The proof
of the other relations in (3.7 follow from straightforward case checking. The infinite Clifford algebra is the algebra
generated by the operators ¢y, ¥} (where k runs over all half integers) subject to the relations (3.7).
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It follows from Lemma that the operators v, and 1} satisfy the relations

. Vg, ifkeS N 0, ifkeS
— = 3.8
Vrvi(vs) {o, itk ¢S, vk (vs) {US, ithes. (38)
We define the charge operator C : A2V — ATV as
C= > (3.9)

keZ+3

where : : denotes normal ordering, i.e.,

o ke k>0
'w’“w’“'{—w;wk ifk < 0.

From now on when we write an operator acting on a state we will often drop the parentheses to avoid excessive
notation, for example ¥;vs = ¥ (vg). In the following Lemma we will see how the charge operator gains its name.

Lemma 3.2.3. We have the following relation:
Cvg = (|S+| — |S=])vs. (3.10)
Proof. We first split the sum of C' into two cases
Cvg = Z SRy g = Z SRy, v + Z DRy v = Z Vrrus — Z VRPrUs.

kezZ+3 kez+i kez+i kez+1 kez+i
k>0 k<0 k>0 k<0

Tt follows from (3.8]) that
C’US: Z vs — Z US:(‘S+|—|S_|)U5'. 0

keSy keS_

For example, for S in (3.3) we have Cvg = 0. It follows from Lemma that the space Fy is the kernel of the
charge operator C. We will now see how to give the decomposition (3.5)) in terms of the space Fy together with the
translation operator R: ATV — ATV, which is defined by

Rus, Nvgy N+ = Vg 41 AVggp1 A -
with its inverse R=! defined by R~ vs, Avg, A++ = vs, 1 Avg,_1 A---. For example, for S in we have
R'vg =wvs  Avin AV s AUz AV_9 AUy A
for any integer n. We call R™vg the vacuum state in the space F,.
Lemma 3.2.4. The operators iy, 1 and R satisfy the relations R R~ = ¢y11 and RY;R™' = Vi
Proof. We have the following cases:
(1) If k +1 € S then k + 1 = s, for some r which implies
RYiR g = R (ve, 1 AVsy 1 A=+ Avs,_, 1 AUg A Vsppr—1 N ver)
= (—1)""'R(vs;—1 AVsym1 A  AVs 1 AUs, 1 Ace)
= (=1)""vg, Avgy A Avs, Avs g Aces
= 7/’Z+1US
and Ry R 1vg = Rby(vs,—1 AVsy—1 A+ Avs,_,—1 AUk A Vspi1—1 N-) =0 =1pq10s.
(2) If k+1¢ S then s, > k+ 1> s,4; for some r and
RyrR tvg = Ripp(vs, -1 ANVgy—1 A= ANVg 1 ANUs, 1 A-ev)
= (—1)"R(vs;—1 AUy 1 Ao ANUs 1 AU AVs 1 N -e-)
= (—1)"vs; AVgy A= ANVg, ANVpg1 ANVg, ) A=
= Yp4+10s-
Also, Ry R vg =0 = ¢}, vs.
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As vg is an arbitrary state in the basis {vg} it follows that Ry R~ = 941 and Ry R~ = (Lrp O
Therefore, ¥y 195, = Ry R'RY;R™ = Ry R™1 and Vis1Vkt1 = Rz R™1. This implies
Uity = RV R, Ypth = R Y n R (3.11)
for all integers n. We will use these relations to prove the following Lemma.

Lemma 3.2.5. The charge operator satisfies the relation
C=R"'(CH+n)R™" (3.12)
for all integers n.

Proof. By (3.11) we have

C= > wti— >, wzwsz"< Y Ukl — Y w,’;nwkn>R—"
kezZ+1 kezZ+1i k€Z+ 3% k€Z+1
k>0 k<0 k>0 k<0

for all integers n. Clearly (3.12)) holds for n = 0. If n > 0 then

can< S et Y wznwkn>R”

kez+i kez+i
k>0 k<0
= R”( S ki — Y ¢Z_nwk_n> R+ R"( ST Wt + w;_nm_n)) R
k€Z+ % keZ+% keZ+3
k>n k<n 0<k<n
= R"( > vkt — > w;;wk) R+ R" ( > (Wrenti, + w,’;nwk_w) R™"
kEZ+L kezZ+1 kez+i
k>0 k<0 0<k<n
=R"(C+n)R™"

where the last equality follows from (3.7al). Similarly if n < 0 then

cz%"( S Ukt — Y ¢;;_nwk_n>R”R“< > wk_nwz_ﬁw;_nwk_n))z%"

K€L+ kEZ+1 keZ+1
k>n k<n 0>k>n
- R"( D i Y wz;wk) R —R" ( ST Wt + w;;_nwk_n)> R
k€Z+ % k€zZ+3 kezZ+1
k>0 k<0 0>k>n
=R"(C+n)R™".
In conclusion (3.12)) holds for all integers n. O

The translation operator maps states in F), to states in Fj, ;. This is more formally stated in the following
Lemma.

Lemma 3.2.6. The space F,, = R"Fy for all n € Z.
Proof. We will first show F;,, C R"F, and secondly show F,, O R"Fj.

(1) To show F,, C R"Fy let v be an arbitrary state in the basis {vg} such that v € F),, and let w = R~"v. Since
v € F,, then Cv = nv by Lemma Therefore, R~"Cv = nR™"v = nw and implies nw = R™"Cv =
(C+n)R ™ = (C + n)w. It follows that Cw = 0 which implies w € Fy. Therefore, v = R"w € R"Fy which
implies F,, € R"Fy.
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(2) To show R"Fy C F, let v be an arbitrary state in the basis {vg} such that v € R"Fy. Then v = R™w for some
state w = R™™v € Fy in the basis {vg}. Then Cw = 0 which implies 0 = R"Cw = (C — n)R"w = (C — n)v.
Therefore, Cv = nv and it follows that v € F;,. This implies R"Fy C F,.

In conclusion F,, = R"Fj. O

Lemma and the Z-grading allows us to decompose the fermionic Fock space in terms of the translation
operator and the space Fy, namely
ATV = R"Fy (3.13)
neZ

which is called the charge decomposition of AZ V.

3.3 Maya Diagrams

A Maya digram is an assignment of white and black beads to each half integer on the real number line (for Maya
diagrams, the number line will have positive numbers to the left of 0), with a finite number of black beads to the
left of 0 and a finite number of white beads to the right of 0. For example,

15
2

1

2

ol
ol

9
2 2

N~
<

5
2

Njw
njw
|
ot
|
[NIEN]
|
o

-
ol
w‘g

N[

1
2

is a Maya diagram. There is a bijection between Maya diagrams and regular normally-ordered semi-infinite wedge
products. Namely, given a Maya diagram, let S be the set of half integers corresponding to the black beads in the
Maya diagram and then order S so its elements are strictly decreasing. Then S, is finite because the number of
black beads to the left of 0 is finite. Also S_ is finite because the number of white beads to the right of 0 is finite.
It follows that vg is a regular normally-ordered semi-infinite wedge product. For example, the Maya diagram above
gives the state vg where S = {%, %, —%, —%, —%,—%,—1—2‘3, —1—25, —177, ...}. Conversely, given a state vg, we can
create a Maya diagram which has a black bead assigned to each half integer in S and a white bead to all other half
integers. This establishes the bijection.

We will now establish a bijection between partitions and zero-charge states in the basis {vg} of AT V. The
bijection is as follows (refer to the diagram below for an example). Let A be a partition. Take the Young diagram of
A and rotate it by 135 degrees counter clockwise (this is the Russian notation of the Young digram of A). Then rest
it on 0 of the real number line and scale it so that the diagonal slices align with the integers. Extend the leftmost
(rightmost) line of the Young diagram indefinitely up and to the left (right). Call the uppermost piecewise-linear
curve the contour of the diagram. Assign a white (black) bead to each half integer, on the real line, which is directly
below a downwards (upwards) slope on the contour. This will result in a diagram with the following properties:

(1) As each part of A is finite the number of black beads to the left of 0 is finite.
(2) As the number of parts of A is finite the number of white beads to the right of 0 is finite.

(3) As the main diagonal aligns with 0 the number of black beads to the left of 0 is equal the the number of white
beads to the right of 0.

Therefore, a partition A will give a Maya diagram which corresponds to a regular normally-ordered semi-infinite
wedge product of zero charge. This process is easily reversible. Namely, given a regular normally-ordered semi-
infinite wedge product of zero charge we can use its corresponding Maya diagram to construct the contour of a
rotated Young diagram which gives a partition. This establishes the required bijection.

For example, let A = (6,5,5,2,1). Then A corresponds to the Young diagram:

Applying the steps above, we obtain the diagram:
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i~ O

O
3
2

9 _11 _13 _15 _17
2 2

2

[SIEN
ot

This gives a Maya diagram corresponding to the regular normally-ordered semi-infinite wedge product vg where
_ gyl 75 _3 _7 _11 _13 _15 _ 17
S={% 33 "5 "5 "3 "5~ "3} (3.14)

In this example, |S;| = |S—| = 3 and as expected vg € Fy. It is easy to generalise the above to a bijection between
states in F,, and diagrams shifted a distance n.

We let vy denote the state corresponding to a partition A. Hence by the example above v(g 5 52,1) = vs for S
in (3.14). In the bijection between partitions and Maya diagrams described above, the contour line segment at the
end of the ith row of the rotated Young diagram of a partition A will be directly above the half integer A\; — i + %

Therefore,
oo
U)\ == /\ v}w*iﬂ*%'
i=1

Moreover, if n is an integer greater than or equal to the length of A then

n
vy = (/\ U/\i—i+§> A R™y.
i=1

Therefore, we can consider vy as the result of taking the state R™"vy and creating a particle indexed by A\; — i + %

for each ¢ at most n. That is to say
vy = (H%H;)R_"UO- (3.15)
i=1

The ordering in (3.15)) is important as to avoid the sign changing. Moreover, in the bijection above we also obtain

> kRt i ox = [Ava (3.16)

kez+i

A Maya diagram gives an illustration of fermionic particles in a quantum state. A black (white) bead on a half
integer k indicates that a fermion with spin k exists (does not exist) in the quantum state. With this in mind, we
will often refer to the black beads as particles and the white beads as holes.

3.4 Vertex Operators

For any integer n, we define the bosonic operator o, : ATV — ATV as
an= Y Ypati ifn#0,
kez+4
Qo = C
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where C'is the charge operator (3.9). We will now see that these operators are well defined by discussing how they
act on states in the basis {vg} of AZ V. For n # 0, in the sum

anvs = Y Yrntivs

kez+3

a summand ¥_,;vg will be non-zero only when k € S and k —n ¢ S. The series o, vg will converge to a state
in ATV as there are only finitely many k € S such that k —n ¢ S by the semi-infinite and regular properties of
vg. Namely, as vg is semi-infinite there exists a largest half integer m € S which means k ¢ S for all half integers
k > m. By the regular property of vg there exists a half integer ¢ € S such that £ —n € S for all half integers
k < c. Therefore, the series a,,vg converges to a state in A% V for any state vg in the basis {vs}. This shows that
o, is well defined for n # 0. We need to define «,, for n = 0 differently as the series

> drvius =Y vs

kezZ+3% kes

does not converge to a state in A%V, i.e., letting g = ZkeZJr% Yr; would not be well defined. Therefore, we
define ag as the charge operator C' which is well defined by Lemma [3.2.3

We have already seen in Lemma how «p acts on vg. We will now use Maya diagrams to give a visual
description of how a, acts on vg for non-zero n. Suppose k is a half integer such that i,_,v;vs is non-zero. The
operator Y, _n; corresponds to the action of annihilating the particle indexed by k£ and then creating a particle
indexed by & — n in the quantum state corresponding to vg. In terms of the Maya diagram of vg, the operator
Yr—nt} corresponds to the action of moving the particle at position % into the hole at position & — n. Therefore,
Yr_nivs = v where vy is the wedge product corresponding to the Maya diagram of vg in which the particle at
position £ has moved into the hole at position & —n and the sign is determined by the number of particles jumped
over in the process, with positive (negative) sign if an even (odd) number of particles were jumped.

For example, let n = —3 and S = {%, —%, 2 —I -9 ...} Then vg corresponds to the Maya diagram:

T2 T3 T

17 15 13 11
2 2 2 2

9
2

[SIEN

5
2

NJw
[SJ[eY
oo
[NIEN

9 1 _13 15 17
2

N|—=

1
2

In this Maya diagram a bead at position & — n will be to the left of a bead at position k, because n is negative.
There are only three particles that have a hole three places to the left. Namely, the particles indexed by g, —g and
f%. Therefore,

Q_3Vs = V1 — VU + U3 (317)

where vy, v and vs correspond to the following three Maya diagrams:

v o O—O0—O0—8—0—0—0—0—0—0—0O0—0—0—0 0000
17 15 13 11 9 7 5 3 i1 3 _5 _7 _9 _11 13 15 _ 17
2 2 2 2 2 2 2 2 2 2 T2 T2 T2 T2 T2 T2 T2 T2
v: o O—O0—O0—O0—O0—0—0—0—0—0—0O0—0—0 00000
17 15 13 11 9 7 5 3 i1 3 5 _7 _9 11 13 15 17
2 2 2 2 2 2 2 2 32 2 T2 T2 T2 T2 T2 72 T2 772
v3: ot O—O0—0—0—0—0—8—0—0—0 00000 000
17 15 13 11 9 7 5 3 ir 1 3 _5 _7 _9 _11 13 15 17
2 2 2 2 2 2. 2 2 32 2 T2 T2 T2 T2 T2 T2 T2 772
The Maya diagrams of v1, vo and v3 are the Maya diagram of vg in which the particle at position %7 —g and —%

are moved three places to the left, respectively. In the Maya digram of vg, for the particle at position —3 to move
into the hole three places to the left it must jump over the particle at position —%, thus vy has negative sign in
(13.17).

The operator 15—, has another combinatorial property when acting on a state v, where X is a partition.
Namely, if n # 0 is an integer and k is a half integer such that vy_,1; v is non-zero, then, up to sign, ¥i_n,;va
will correspond to a partition whose Young diagram is the Young diagram of A in which we added or removed a
border strip of length |n| if n < 0 or n > 0, respectively. A border strip is a connected (each square shares at
least one side with another square) skew diagram with no 2 by 2 squares, where the number of squares is called its

length. For example, let n = —3 and S = g, 757 f%, f%, f%, ...} as in the previous example. Then vg, v1, v and
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vs in (3.17) correspond to the following Young diagrams (in Russian notation) where the blue squares indicate the
added border strip:

A e

Vs = V(3,1) U1 = V(e,1) V2 = U(3,2, U3 = V(3,1,1,1,1)

The sign of v; in is equal to —1 raised to the power of the height of the added border strip (the height is the
number of rows minus 1 in the ordinary non-rotated diagram).

For any operators A and B define the commutator of A and B as [A, B] := AB — BA. The operators o, and
ay, satisfy the Heisenberg commutation relation (see Lemma

[0, Q] = Ny,

For example, let n = —3 and S = {2, 5 —g, ;, —2,...} as in the previous example and let m = 3. It follows from
- that aga_3vg = azv; — agvg + ozgvg Referrmg to the Maya diagrams of vy, vo and vz we have azv; = vg,
aszve = —vg and agvy = vg. Therefore, asa_svg = 3vg. None of the black beads in the Maya diagram of vg have

a white bead three beads to the right. This implies asvg = 0 and we obtain the result
[as, a_slvs = (asa—3 — a_3a3)vs = 3vg.
Lemma 3.4.1. For all integers n and m, the operators c., and o, satisfy the Heisenberg commutation relation
[0, Q] = Ny, (3.18)
Proof. Ignoring the trivial case where n = m, we consider the following cases:

(1) Suppose n =0 and m # 0. Then

anam=< > :mwz:)( > wwz) = ) ke — Y Uikt mdi. (3.19)

kezZ+1 L€+ kL€Z+5 kLeZ+3
k>0 k<0

The relation (3.7a) implies
> kit mti = Y k(Gemk — Ye-m i)V

k€2 +1 keez+3
k>0 k>0

As m # 0 the sums
D ki, and Y i

keZ+% kez+3
k>0 k>0

are well defined, i.e., when they act on a state in ATV they converge to a state in A% V. Therefore,

S Wit mtli = D> Uipm — > Untbeem¥il;
k€Z+% kezZ+3 k€243
k>0 k>0 k>0

Using the relations and it follows that
ST Uktheemti; = D (—Yeem®) (VIR = > Yeem i Vi

kleZ+1 k€Z+1 kL€Z+1
k>0 k>0 k>0
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Applying (3.7a]) again implies

Yo bemivi = Y Yeemre = ViR = D Yromi -

k€243
k>0

k€43
k>0

where the second equality follows from

Z 1/Jk—m1/)2

kezZ+%
k>0

and

being well defined as m # 0. Therefore,

> Ui m®i = Y Gkt —

k€Z+3
k>0

The relation (3.7b)) implies

kez+3
k>0

> ikt mt = —

kLeZ+3
k<0

By the relation (3.7a) we have

S Uiteemtl = > (Bemmk — Ve-mU)VRY; = > Ui, —

kLEZ+
k<0

kLeZ+3
k<0

where the second equality follows from

> iy, and
kez+i
k<0

being well defined as m # 0. Furthermore,

> Yeemtirt; =
k€z+%
k<0

kL€ 1
k<0

where the second equality follows from

> ¢r-m; and

kezZ+3
k<0

being well defined as m # 0. The relation (3.7¢) implies

D em Wi (One — Vi) =

> YeemW Ry

k€243
k>0

keZ+1
k>0

> e mW ki

S Gemiite=— > GrmVitn-

k,cZ+1
k<0

Therefore,

> Yitrtbeemi = —

k€Z+%
k<0

kezZ+1
k<0

> Ukliim Y Ykomti A+

kez+i
k>0
Yo Ckem¥i Y Ye-m¥iri (3.20)
keZ+% k€243
k>0 k>0
> i mint-
ktez+3
k<0
S ety
kezZ+1 kLeZ+%
k<0 k<0
> G muivrd]
keZ+1
k<0
S kemti— D CemWivivn
k€Z+% k€43
k<0 k<0
> b mii
kez+i
k<0
kLEZ+ 3
k<0
> i (3.21)
keZ+1 k€243
k<0 k<0



CHAPTER 3. FOCK SPACE AND VERTEX OPERATORS 36

It follows from , and that
Oy, = ( S Uiimt Y W;:m) - ( > Gemti+ > mmz)

kez+% kez+3 kez+i kez+3
k>0 k<0 k>0 k<0
+ ( > demtiveti— Y wmwzw;wk)
kez+3 kez+3
k>0 k<0
S ORCTIED S o= | oy
kez+i kezZ+1 €243 kezZ+3
= Q-
(2) If m =0 and n # 0 then [ay,, @] = —[@m, an] = 0 by the first case.

(3) Suppose n + m # 0 with n,m # 0. Then

i = < > mmz) ( > wwz) = > Yenlibrmii
kezZ+1 LEZ+L k€245
The relation (3.7a) implies
A Oy = Z Vk—n (6Z—m,k - W—nﬁﬂ;ﬁ)?ﬁ

kez+i
As n 4+ m # 0 the sum
Z wkfaner = Z ¢k7nfm¢;: = Op4+m

kezZ+3 kez+1
is well defined. Therefore,
U Qg = Qppm — Z wkfnwffmd)l}:wz( = Ontm — Z me@bkfnﬁﬁ (322)
kt€z+% ktez+3
where the second equality follows from (3.7b)) and (3.7¢)). Again by (3.7a) and by the assumption n +m # 0

we have

> emkni i = Y Yem(Orkon — G k—n) O}

k€ +1 kb€Z+1
= > Cknm®i— Y, YemWi Pt}
kezZ+i kt€Z+%
= Qpim — QmQn. (3.23)

It follows from (3.22]) and (3.23)) that

OOy = Oty — (an+m - aman) = Uy Oy

(4) Suppose n+m = 0 with n # 0. Note that we could have included the proof of the previous case into the proof
of this case. However, the proofs were separated to illustrate the subtle differences that lead to the non-trivial
case of (3.18). In particular we must split our first sum into two cases of k to preserve convergence, namely

o = > Uil m® = Y Uknliterati + Y, Vkniteinty. (3.24)

kLeZ+1 keeZ+1 k€241
k>0 k<0

The relation (3.7a)) implies
> Gkntiterntl = Y Ckon(Goink — VetV

kez+3 keZ+3
k>0 k>0
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The sum

D

kez+3
k>0

is well defined because when it acts on a state vg in the basis {vg} of A%V it will converge to a state in A=V
as Sy is a finite set and the sum is over positive k. Therefore,

S Uit = Y Ukeni = Y. Vk—nVerntil]

keZ+3 keZ+% keZ+3
k>0 k>0 E>0

and the relations (3.7b)) and (3.7d]) imply
S Uit = Y Ukeni = Y VrenVe-n] U

k€Z+% kezZ+3 k€Z+%
k>0 k>0 k>0

As the sum is over positive k and by the relation (3.7a]) it follows that

> kit = D Ukalion— D Yern(kne — i k_n) Vi

keZ+3 keZ+% keZ+3
k>0 k>0 k>0
= D k¥l — D> Uit Y et tronti. (3.25)
keZ+3 kEZ+3 k.£eZ+ 5
k>0 k>0 k>0

Since n # 0 the relation (3.7a)) implies

> Gkntiternt = Y Uitk ntiGrin.

kezZ+i kcZ+i
k<0 k<0
Also,
> Uik atitein = Y GiOkone — Uik n)in = > itk — D> VibiVk-ntrin
kleZ+1 kL€Z+1 k€Z+ % klezZ+1

k<0 k<0 k<0 k<0
where the second equality holds as the sums

E: ¢%wk and 2: ¢Z¢Z¢k7n¢mm

kez+i ktez+3
k<0 k<0

are convergent when acting on A% V as they sum over negative k. The relations ) and (3.7¢) imply

> Uik nlitein = > Vit — Y Vitiesntron.

k€43 keZ+% k.LeZ+ 5
k<0 k<0 k<0

As the sum is over negative k and by the relation (3.7a]) it follows that

> it = Y, Vi Gtk — e Ukn = D ViaWhn— Y. Uirenithon.

ktez+% k€Z+% kez+1 kez+3
k<0 k<0 k<0 k<0

As n # 0 we have Y Yern = =) and Yivg_n = —Ur_n¥i by (3.78). Therefore,

Y Ukaliventi = Y Uitk — Y Yiialkont Y, Yol Vronti- (3.26)

kt€Z+% kezZ+1 keZ+% kez+3
k<0 k<0 k<0 k<0
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It follows from ([3.24)), (3.25) and (3.26) that

Wi = Y Uiy — Y Vit D Uitk — Y Ui+ aman. (3.27)
kezZ+3 kezZ+i keZ+1 keZ+1
k>0 k<0 k<0 k>0
If n > 0 then
S Ui, — Y ki = > Ui, Stk — Y Ciatkn= Y, Uitk
keZ+1 kezZ+1 keZ+1 keZ+1 kezZ+1 ke€Z+3
k>0 k>0 0>k>—n k<0 k<0 0>k>—n

and thus by (3.27) and the relation ¥,y + 51, = 1 it follows that

Oy, = Z 1/%7/17; + Z 1/)7;1/% + oy = Z (wkd]z + 1/17;7/%) + Ay =N+ Qup Q.

kezZ+1 kezZ+1 kezZ+3
0>k>—n 0>k>—n 0>k>—n

Otherwise, if n < 0 then

S Gkl — Y. ki =— > Ukt STkt — Y Uitk =— Y Uitk

kezZ+1 keZ+% keZ+3 keZ+3 keZ+3 keZ+3
k>0 k>0 0<k<m k<0 k<0 0<k<m
. : * * _
and again by (3.27)) and the relation ¥yt + ¥ = 1 we have
Ap Oy, = — Z (1/%1/)75 + 1;[}]:1/)16) + @y = —M 4 Q0 = N+ A Qg
kEZ+%
0<k<m
In conclusion o0, = 1 + a0,
In each case of the above cases [ay,, a,] = nd,, —m, completing the proof. O

Let o denote the adjoint operator of a,,. We will use the properties of adjoint operators to show that o, = a_,,.
Let A and B be two operators on a vector space W with adjoint operators A* and B*, respectively. Let (A + B)*
denote the adjoint operator of A + B. It follows that (f,(A + B)*g) = ((A+ B)f,g) = (Af,g9) + (Bf,g) =
(f, A*g) + (f, B*g) = (f, (A* 4+ B*)g) for all f,g € W, which implies

(A+ B)" = A* + B". (3.28)

Let (AB)* denote the adjoint operator of AB. We have (f,(AB)*g) = (ABf,g) = (Bf,A*g) = (f, B*A*g) for all
f,g € W, which implies
(AB)" = B*A". (3.29)

It follows from (3.28) and (3.29) that for non-zero n we have

Oé;i = Z ¢sz—n = Z ¢k+n¢z =0_p

kezZ+1 keZ+%

and similarly ag = ayp.
We define the generating functions ¢(z) and *(z) for 1, and v}, respectively, by

Plz)= Y A gt = > 2Ty
i€Z+3% JEZ+3

where z is a formal variable. We have the property

W) f9) = Y. ZWif.9)= Y 2 (f,459) = (£, (7))

i€Z+3 i€Z+3

for all states f,g € A% V. Therefore, we will refer to 1/*(z71) as the adjoint of ¢(z), even though () is not an
operator from ATV to AT V.
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Lemma 3.4.2. For all n € Z the operator «, and generating functions ¥ (z) and ¥*(2) satisfy the relations

lan, ¥(2)] = 2"P(2),  [an, ¥7(2)] = =2"9"(2).
Proof. We have
lan, ¥ = Y Zlanvd, (o @7 (@)= Y 2 o, W]

i€Z+3 JEZ+L
It follows from (3.7al) that
e =D Prnite = Y Grn(0ok — i) =Yrn— D Urnthri.

kezZ+% kezZ+1 kezZ+1

The relation (3.7b)) implies
= Y Ukenti = Y etk = Pran.

keZ+3 k€Z+3
Therefore, 1y, = anthy — e, = [y, 1] and it follows that
o, ()] = > Zlom il = > Zin = Y 2T =2"Y(2).
i€Z+3 i€Z+3 i€Z+3
Taking the adjoint of both sides of the equation [a,, 1 (2)] = 2" (2z) implies
[, ¥*(z71)] = =2 " (z71).
Replacing z~1 with z we obtain [a_,,,1*(2)] = —2~"¢*(2). This implies [ay,, V" (2)] = —2"*(2). O

For any sequence s = (s1, S2,...) of formal variables, we define the vertex operators I'y as

. (s) = exp (Tisnain)

We have written s in boldface in T'£(s) to signal that it is a sequence of formal variables. We do this to avoid
notational ambiguity as we will later define these vertex operators on a single formal variable. We have used
shorthand notation in the definition of these vertex operators. We are really working with the formal Taylor series
expansion of the exponential function, i.e.,

5 4 (S )

m=0

We will now prove several Lemmas regarding the vertex operators, which will be used in Section[3.5]to give generating
functions for plane partitions. The following Lemma shows that I'j (s) acts trivially on the vacuum state R*vg in
the subspace F* for all integers k.

Lemma 3.4.3. Let k be an integer, then
F+(S)Rk’l)0 = Rkv(].
Proof. The state R*vy corresponds to the Maya diagram:
- O O O O ® L ® ® -
k+Z  k+3  k+3  k+i k-1 k-2 k-3 k-

[SIEN]

As there are no particles (holes) to the left (right) of k it follows that t,_, 1} RF¥vg = 0 for all half integers ¢ and
positive integers n. Therefore, a,, R¥vg = 0 for all positive integers n. This implies

< i snan> mRkvo =0

n=1

for all positive integers m. In conclusion
o 1 o0 m
I, (s)R*vg = RFvg + Z |< snan) RFvg = RFuy. O
= ml\ =

n=1
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Lemma 3.4.4. Let I'' (s) be the adjoint operator of I'y(s). Then
I(s) = T_(s).

Proof. Let
A= Z Span, B= Z SnQi_p
n=1 n=1

and let A* be the adjoint operator of A. Then by (3.28]) and (3.29)) we have

an ana n=Db

which implies

Z A") Zg =T_(s).
0

|
p= p=o0 I’

Therefore, I'_(s) is the adjoint operator of I (s) and we obtain the result I'} (s) =I'_(s). O

Lemma can provide a simple way of translating properties about I'; (8) into properties of I'_(s), and vice
versa, which will simplify some of the following proofs. The following Lemma will show how the vertex operators
'y and I'_ commute.

Lemma 3.4.5. Let s = (s1,82,...) and 8’ = (s,85,-++) be any two sequences of formal variables. Then

I (s)T( —exp(znsn ) ST (s).
Proof. Let
A= Z Sp0p, B = Z Sy, &= Znsns’n
n=1 m=1 n=1

We will first use induction to show that
APB = BAP 4 pt AP (3.30)

for all non-negative integers p. Clearly the p = 0 case holds. The p =1 case of (3.30]) holds as
Z SpSh Uy = Z SpSh Oy + Znsn =BA+¢ (3.31)
n,m=1 n,m=1

where the second equality follows from Lemma [3.4.1] By this result and induction on p we have

APTIB = A(APB)

= A(BA? + p{AP_l) (by the inductive hypothesis)
= (AB) AP + pc AP
= (BA+ &) AP + pE AP (by (3.31))

BAPTL 1 (p 4 1)EAP.

Therefore, (3.30)) holds for all non-negative integers p. We will now use induction to show that

APB? = Z’fk’f'( )( )Bq kAp—k (3.32)

for all non-negative integers p and . Recall that (z) := 0 if & > p so that the above sum has finite support.

Equation (3.32)) clearly holds for all p when ¢ = 0. Moreover, (3.32)) holds for all p when ¢ = 1 by (3.30). It follows
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by induction on ¢ that
APBIT! = (APBY)B

= <Z Rk (i) (Z) quA”k)B (by the inductive hypothesis)
k=0
c- P\ () gt/ 1p-
Eeel) (-
=Y €tk (Z) (Z) BIF(BAPF + (p — k)gAP~FY) (by (3-30))
k=0
_ ifkk' <p> <q> Bq7k+1Ap7k
k=0 k
+ i§k+1(k + 1); p 4q BI—Fk gp—k—1
P \k+1)\k
_ - k(P[4 —k+1 gp—k
Een) (s
o ek (P q —k+1 gp—Fk
+k§5 k'(k> (k ’ 1)3‘1 +lyp
=> ¢kl <7;> <q—]&€- 1) B~k gp=k (by the identity (¢) + (,%,) = (“I1)).
k=0

Therefore, by induction ([3.32)) holds for all non-negative integers p and ¢. This implies

) APRY B 00 i %) i fr q . e %) j 00 BIAP
> =k () () P

p,q=0 k=0 p,q=0 p,q=0

which gives the result

I (s)I_(s) = Z APB Zﬁ Z BAY exp (Znsns’n>F(s’)F+(s). O
k=0 n=1

P,q=0 plg! " p,g=0 r'¢!

Lemma proves the non-trivial commutation relation for the vertex operators. As [ay,,am,] = 0 if both
n,m < 0 or both n,m > 0 it follows immediately that

L ()T (8") = T4 ()4 (s),
F_(s)I'_(s')=T_(s')['_(s)

for any two sequences s = (s1, S2,...) and 8’ = (s, s, - - - ) of formal variables. In the following Lemma we see how
the vertex operators commute with the generating functions 1(z) and ¥*(z).

Lemma 3.4.6. Let s = (s1, 82,...) be any sequence of formal variables. Then
Ti(8)(2) = v(z"", 8)9(2)T(s), (3.33a)
Ti(s)*(2) = (27", 8) """ (2)Tx(s) (3.33D)

where

(2, 8) = exp (isnz”>

Proof. We will first prove (3.33a)) and then show how this implies (3.33b)). Let

oo o0

+
X+ = ZSnZ ", Axr= ZSna:tw

n=1 n=1
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We will use induction to show that
Z X:t( ) )AL (3.34)
for all non-negative integers p. Equation (3 clearly holds for p = 0. The p =1 case of (3.34) holds as

Ast(z anainw anw ain+an () = () Ax + x29(2) (3.35)

where the second equality follows from Lemma By induction on p we obtain
AR (2) = A (AL0(2))

= A4 Z Xi (p) 1/1(2)141:7;]C (by the inductive hypothesis)

i) (Y(2)Ax + x2t(2)) AEF (by (3:35))

(
=§jxi (i)w( )AL k+1+2 i (i)wz)A”;k
(

k=0

AL sy A”’“ XA Ap_ "
Ti(8)(z) =Y p ()= S5 4 Z S=y(z Z = 7(z*, 8)(2)T ()
p=0 " k=0 " p=k :

which gives the result (3.33a)). Recall that the adjoint of v(2) is ¥*(271). Taking the adjoint of both sides of

(3.334)), it follows that
V(27 Hlx(s) = 1(F )T (s)v* (2 7)
which gives the result (3.33b]). O

3.5 Plane Partitions and Vertex Operators

In this section we will use the results of Section to discuss the connection between vertex operators and plane
partitions. We have defined the vertex operators I'y (s) for arbitrary sequences s = (s1, s2,...) of formal variables.
Throughout this section we will often want to specialise this sequence by setting s,, = . Therefore, we will let

()7

where z is a formal variable. We will not have = in boldface to indicate it is a single formal variable and not a
sequence of such variables. It follows from Lemma that

I ()T —exp<z ) YT+ (2).

Moreover, we have the formal power series

—log(l — zy) =

Mg

n=1
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which implies
T4 @)D (y) = (1 - 2y) T ()T (a). (3.36)

Similarly we also obtain

o rxEn
Fetawle) = o (XY oora = 0 - o) urata) (3.37)
X (pzEn -1
Iy(x)y*(2) = exp <Z (n)> Y (2)la(z) = (1 — 225" (2)e(z). (3.37b)

We will now use (3.15)) and (3.37a]) to examine how the vertex operators act on the state vy where \ is a partition.

By (3.37a)) we have

= (@)™ Y Fpily(a)
m=0 i€Z+3
oo
= Z ™™, ()
i€Z+$ m=0

Using this result and (3.15) it follows that

Ly(z)v = (H Z xmlﬁ,\i—z‘—er;)R_nUO (3.38)

i=1m=0
for all integers n > £()\). Using this result we will prove the following Lemma.

Lemma 3.5.1. The vertex operator I'; (x) acts on the state vy as follows:

Lo (z)oy =Yz, (3.39)
=X

Proof. For this proof it will be convenient to expand (3.38]) into the expression

o0

F+(x)'1))\ = Z xm1+m2+~~+mn,¢))\17m17%¢)\2im27% - wknfmnfnJr%R_nU& (340)

mi,...,my=0
We will first show that (3.40) can be simplified to a sum over myq,...,m,, such that A\; > A\; —m; > A;;; for each
i, that is
F+($)'U>\ = Z :L'm1+m2+m+m"’[l))\l7m17%w>\27m27% ce Q/}An/imnin+%RinU0. (341)

mi,...,Mp >0
AiZXi—m; > it

To see why we can restrict the m;’s in (3.40) to A\; —m; > A1 consider the sum

itm;
Z xm " +1w)\i—mi—i+%1/})\i+1—mi+1—i—%' (3'42)

mg,m;+120
Ai—mi<Ait1
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We will now show that this sum is exactly 0. If m; and m;;1 are such that \; —m; = A\j;1 — m;y1 — 1 then

'(/))\i—m,-—i—i-% = w,\iﬂ —Mit1 —i—%

and it follows that

¢)\i7mi7i+%¢/\i+1fmi+17i7% = 0.

Therefore, (3.42)) is equal to the sum

Z xml+ml+1¢/\i—mi—i+%w>\i+1—mi+1—i—%'
m;,m;+12>0
Ai—m <Xt
Ai—miFEXNip1—mip1—1

(3.43)

For each pair m;, m;41 satisfying the conditions in the sum (3.43)) there exists a unique pair mj, mj,; > 0 such that

li
Ai — m; = Aig1 — M1 — 1,

l
)\i—mi:)\i+1—mi+1—1.

These equations, together with the property A; — m; # A\jy1 — m;41 — 1, imply that

/
i —m; < )‘i+17
/ /
Ai —my #F Njp1 —my o — 1,

/ /
My + Mip1 =My + M.

Hence, the following term

’ ’
mi+mi_*_1 ) .
z 1/}/\i—mfi—z+%¢)\,;+1—m;+1—z—%

is in the sum (3.43). As A\ —mj # Aip1 —mj,; — 1 it follows from (3.7a)) that

’ ’ ’ ’
mi+mi_*_1 ) . _ WL?.’Jrrni_'_1 . .
z ¢/\i—m,’£—1+%¢)\i+1—m;+1—z—% =7 w)\i+1—mfi+l—z—%q/}Ai—m;—z+%

— _emitmig . .
= - ’l/))\i—mi—z+%¢)\i+1—mi+1—z—%'

Therefore, for every pair m;, m;1 satisfying the conditions in the sum (3.43)) there exists a unique pair mj, mj,
also satisfying the conditions in the sum ([3.43)) such that

Therefore,

This implies

mi+miyq . . "I"/L'+m',i+1 . . =
x wAifmifur%l/JAinmiHﬂf% +x z/JAifm;77,+%w)\i+1fmé+lf'Lf% =0.

E mi+miq1 —
€T w)\i—mi—i—i-%w)\prl—mprl—i— 1 =0.

2
MG, Mj41
Ai—m; <Xy

_ ot -
F+(m)v)‘ - Z T mnwh*ml*%w)\z*Ww*% e w,\mmnﬂw%R "vo

mi,...,mp >0
Ai2Ai—mi>Xit1

_ E o Ai—(Ni—my
- Tei=t (s Z)U(Alfml,)\zfmmw)

mi,...,mp >0
Ai2Xi—mi>Xit

_ [A—pul
= E T Uy

m=<A

It follows from (3.39) and the relation (I'y(z)vx, v,) = (v, - (z)v,) that

I'_(z)v, = Z P Hly,.

A

In the following Theorem we will see how the Schur function arises naturally from vertex operators.

(3.44)
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Theorem 3.5.2. Let x1,2o,...,x, be formal variables, and let A\ and p be partitions such that i C A. Then

(Ci(z1) - Ty (zn)va, vp) = sa/ul@1,. ., Tn). (3.45)

Proof. When n = 0 the equation (3.45) clearly holds as s/, (-) = dxu = (va,v). So we will now assume n > 1.
We will first use induction to show

@) =)

Dy(zy) - To(maon= Y <UU(O>H;EL.” K '> (3.46)

7 (® <<y (™) i=1
n("):)\

for all positive integers n. The base case n = 1 follows immediately from Lemma It follows by induction on
n that

Ty(z1) - Ty (znpr)va =Ty (21) Ty (2) - Ty (2ng1)va)

n+1
(i) _p(i—1) . . .
=T (1) E Vp(1) H xl" K I) (by inductive hypothesis)
IO ININCERS i=2
n('rz+1):)\

! (4) (i—1)
E | | [n"* 7 |
<F+ (l‘l)vn(l) .’L‘,L-

M < gyt =2
n("+1):)\

n+1
(i) _p(i=1)
> (%«»le” ! ) (by (B39))
i=1

@ <.yt
n(n+1):)\

and thus (3.46]) holds. Taking the inner product of both sides of (3.46]) with v, implies

(o) Ty mon ) = S (Hmﬂ“”‘"””)—smm..,m

O <o) N i=1
n(n):A
nO=p

where the last equality follows from (1.20]). O

Following ideas of Okounkov, Reshetikhin and Vafa we will use vertex operators to derive the generating function
for plane partitions [9]. For this we will require an operator that records the size of a partition A given the state vy.
We saw such an operator in . Therefore, we define the energy operator H, acting on the zero-charge subspace
Fy, as

H= Y k: i
kezZ+1
which we know satisfies the property Hvy = |A|vx. Thus we may think of vy as an eigenvector of H with eigenvalue
IAl, so that ¢fTvy = gMvy. The operator H is self-adjoint.

Let B(r, ¢,00) denote the box B(r, ¢, t) where ¢ is unbounded. Through the method of diagonal slicing there is
a one-to-one correspondence between plane partitions © C B(r, ¢, 00) and sequences of interlacing partitions of the
form

0=)207) < 2022 o AED L20) D) 22 oLl 2@ = (3.47)
where 0 denotes the empty partition. The plane partition m corresponding to such a sequence will have

c

= 37 o).

i=—T

Summing over all such sequences of interlacing partitions we obtain the generating function for plane partitions
contained in B(r, ¢, 00), namely

> = > ( 11 q'““') (3.48)

TCB(r,c,00) ACT) 2 AED A O Ao z(e) Ni=—T
A =2 =0
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We will now express this generating function using vertex operators. To achieve this we will use equations (|3.39)
and to generate all the states indexed by all possible interlacing partitions in the sequence and during
this process we will record the sizes of the partitions in these states using the operator ¢7. We begin at the partition
A© =0 in which corresponds to the state vg. Using T'_(1) we generate all possible states vy -1, over all
possible partitions A1) > 0 of which we then apply ¢ to record the sizes of such partitions, namely

H )\(cfl)
¢ T_(Dvg = Z q Loy ooy .
Ale=1) %0

Repeatedly applying the operator ¢I'_(1) a total of ¢ times gives
c c—1 o
(IIer-w)u= 5 (o IT).
=1 A (@ i=0
A =0
As |A)| = 0 we can modify the product in the right-hand side of the above equation and obtain

(ﬁqHF—(1)>U0 > (vwﬁ)qw') (3.49)

AO o7\
A =g

In much the same way, repeatedly applying the operator ¢'T', (1) a total of 7 times to ([3.49) gives

(EqHF+(1)) <EQHF_(1))UO = 3 (Wm ﬁ qw)

AT L AED L\ 0 Ay g 3 () i=—r
Al =0

Taking the inner product with vy gives the generating function ([3.48)), namely

<<£{1qu+(1)) (i]f[quF_(l))vo,vo> - 3 ( H q|w>|>

AT < AED 0 3Dy Ly y(e) Ni=—r
A =2 =

- 3 gm (3.50)

wCB(r,c,00)

We will now use this equation to prove Theorem in the limiting case where ¢t — oco. For this we first require
the following Lemma.

Lemma 3.5.3. The following relations hold:
Ii(2)g" = ¢"Ti(xg™).

Proof. As H acts on the zero-charge subspace Fp, with basis {v)} the set of states indexed by partitions, it suffices
to show

Ty (z)g" vy = ¢"T i (xg™")vy

for all partitions A. For an arbitrary partition A it follows from (3.39) that

].—‘Jr(.’t)qH’U)\ _ q‘/\l].—‘Jr(:L')U)\ _ Z :L.P\—Mlql)\\v# _ Z(xQ)lA_NIQWIUM _ qH Z(mq)\/\—u\v# — qHI‘Jr(xq)v)\.
1= H=A H=A

Therefore, the relation I'y (z)¢fT = ¢"'T'; (xq) holds. Taking the adjoint of both sides of this relation gives
¢TI () =T_(xq)q".

Replacing the formal variable 2 with x¢~! implies the relation ¢T_(zq™!) =T _(z)q". O
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It follows from Lemma [3.5.3 and induction that
[Td"T4() = qTH(HFJr(qH)), [[d"T-(1) = <HF—(qj)>qCH (3.51)
i=1 i=1 j=1
where ¢" := T, ¢”. Applying (3:51)) to (3:50) gives
¢ .
o= (i (Tt (T oo
7w CB(r,c,00) =
As H is self-adjoint and ¢ vy = vy it follows that

== (@) (ftrw)enmas)

7w CB(r,c,00)

The relation (3.36) implies
Y, = (HH — ) ((Hfm) (Hmw-l))vo’vo).
wCB(r,c,00) i=1j5=1 j=1 i=1

Taking the adjoint of the operators I'_(¢?) and applying Lemma m gives

) (e ) (o))

This proves Theorem in the limiting case where ¢t — co. Letting both r and ¢ tend to infinity, we obtain the
generating function for unbounded plane partitions

oo

1
Zq'”‘_HH - 1=Hm-

i=1j=1 i=1



Summary

Throughout this thesis we used classical through to modern mathematical techniques and results to study gen-
erating functions for plane partitions. In Chapter [I] we saw that Schur functions provide a natural generating
function for semistandard tableaux. We formed bijections between semistandard tableaux, bounded column strict
plane partitions, bounded plane partitions and bounded symmetric plane partitions to give the generating func-
tion for each of these as sums over Schur functions. In Chapter [2| we outlined Macdonald’s proof of MacMahon’s
conjecture. Thereafter, in Chapter [3| we discussed vertex operators on the fermionic Fock space which provided
modern mathematical methods for studying plane partitions. In particular we used the idea of diagonal slicing to
generate all bounded plane partitions by acting on states indexed by partitions using the vertex operators. This
provided a way of expressing the generating function for bounded plane partitions in terms of vertex operators. We
then manipulated this expression into the generating function given by MacMahon. We were able to achieve this
since the operators we defined on the fermionic Fock space satisfied sufficiently many nice relations, with which to
perform calculations.
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